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synopsis 


Prom the point of yiew-of conformal mappings, the class of 
univalent analytic functions is the simplest but most important 
class of analytic functions. The failure to settle Bieberbach’s 
conjecture in its generality has led to the investigation of several 
subclasses of univalent analytic functions. Imongst these sub- 
classes, the class of starlike functions plays such a vital role 
in the study of univalent functions, that, not only has this class 
been extensively studied, but many of its subclasses have been 
introduced and studied by different workers separately (see e.g* 
Robertson (l936), MacGregor (l963), libera (t 964 ), Padmanabhan (1968)» 
Wri^t (l969)i Eenigenburg (1972), McCarty (l974) etc.). 

In the present thesis, a iinified approach to the study of 
various subclasses of starlike functions has been made by introducing 
the class S*(a,6) of starlike functions of ordera(Oj£a < l) 
type 3(o < 6 ^ 1 ). Hiis, for different values of the parameters a 
and B not only leads to the classes introduced by the above mentioned 
workers but also gives rise to many new subclasses of starlike 
functions. A similar approach has also been provided for a unifi®*^ 
study of various other subclasses of univalent fiMctlbns. 
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have been investigated in the remaining five chapters, also find a 
mention here. 

In chapter II, we obtain a representation formula, coefficien'i: 
estimates, distortion theorems etc. for the class S*(a,6) of starlifce 
functions of order a and type 6. A sufficient condition for a 
function to be in S*(a,3) has also been obtained. Ibr different 
values of the parameters a,g our results yield the results obtained 
by MacGregor (Michigan Math. J. _10 (l963), 277-281), Schild (Amer. J. 
Math, 87_ (l965), 65-70), Wri^t (Compositio Math. _21_ (1969), 122*-124), 
McCarty (Jroc. itoier. Math. Soc. ^ (2) (l974), 361-366) and others. 


Chapter III deals with the determination of the radii of 
convexity for starlike functions of order a (O < 1) and typ® 

3(0 < 3^1), In particular, our results include the rearlts obtained 
by MacGregor (Proc. Amer^ MaMi. Soc, J4^ (l963), 71-76), anorovic 
(Amer. Math. Soc. ITransl. (2) ^ (l969), 263-213), Singh and Goel 
(j. Math, Soc. Japan 23_ (1971 ), 323-339), Eenigenburg (Compositio 
Math. 24 (2) (1972), 235-238), McCarty (Proc. Amer. Math. Soc. 

(2) (1974), 361-366) etc. We eilso determine the radii of starlikeness 
for functions of the form 2F(z) == (zf(z))' where f e S*(a,3). Hie 
results due to Livingston (iroc, Aaer. Math. Soc. _17 (l966), 352-357), 
Singh and Goel‘(j. Math. Soc. Japan _23 (l97l), 323-339), libera and 
Livingston (Proc. Amer, Math. Soc. 30 (2) (l97l), 361-370), Al-Amiri 
(Proc. Aaer. Math. Soc. 39 ( 1 ) ■ ( 1973 ), 101-109) etc. follow from 


our 



In the IVth chapter, we introduce a new class R (a,3) of 
functions whose derivatives have a positive real part in the unit 
disc and obtain coefficient estimates, distortion theorems., radius 


of convexity etc. for functions in this class-. Ihese results 
sharpen and generalize the various results obtained earlier by 
MacGregor (Trans. Amer. Math. See. 104 (1962), :532-537; Iroc. Auer. 
Math. Soc. _14 (l963), 514-524), Caplinger and Causey .(;Proc. Mer; 

Math. Soc. ^ (2) (1973), 357-361), Shaffer (Proc. iimer. Math. Soc. 

.22 (2) (1973), 281-287) and others. 

Chapter V is devoted to determine radii of starlikeness and 
convexity for several subclasses of univalent functions. The results 
obtained in this chapter generalize and include ’ 1±ie results determined 
by Livingston (Proc. imer. Math. Soc. jT, ( 1966 ), 352-357), Eatti 
(Math. Z. .W (1968), 241-248), Singh and Goel (j. Math. Soc. Japan 
23 (1971), 323-359), Hikolaeva and Sepnina (Ulcrain Mat; :Z. 24 (l972), 
268-273) etc. A different techhique has been adopted for obtaining 
the radii of convexity and starlikeness for deriving the results 
obtained earlier by MacGregor (Proc. Amer.Math; Soc. _H (1963), 

71-76, Trans, jtoer. Math. Soc. 104 ( 1962 ) , 532'-537 ), Batti (Math. 

Z. JOT. ( 1968), 241-248), Hengartner and Sehober (Proc. Amer. Math. 

Soc. ^ (1971), 519-524) and others. 

In the last chapter, for, the various subclasses introduced in 
the preceding chapters, we first obtain distortion theorems vdien the 
second coefficieh'l!^' ttoe series expansion of the function in 



question is kept fixed. We then investi^te the effect of second 
coefficient on the radii of convexity and starlikeness for the 
functions of the several subclasses of univalent functions. iSiese 
results yield the results obtained earlier by Tepper (Trans. Amer. 
Math. Soc. 150 (l970), 519-528), Gupta E.S. (j. Aust. Math. Soc. _1_4 
(l) ( 1972 ), 1-8)5 McCarty (Proc. Amer. Math. Soc. ^ (l972), 211-216; 
42 ( 1974)5 153-160), Al-Atniri (Proc. Amer. Math. Soc. ^ (l974), 
466 - 474 ) and others. 
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CHAPTER I 


IHTRODUCTIOH 


1.1 A function, g is said to be univalent (schlioht, simple) 
in a domain E, if it takes no value more than once in E. 
Equivalently, if g(z^) = siz^) with Zg iu E, then z^= Zg* 

A necessary condition for an analytic function g to be univalent 
in a domain E is that g'(z) ^ 0 for every z e E. Thus, if 
the domain E under consideration is the unit disc A - {z:|z| < 1 } 
then g(z) is analytic and univalent in A if, and only if, the 
function f(z) = {g(z) - g(o)}/g*(o) is analytic and univalent 
in A i We shall denote by S the class of all functions that are 
analytic and univalent in A and ^rfrich satis:fy the conditions 
f(o) = 0, f'(o) = 1. Every such function has a powey series 

representation about origin as 


( 1 . 1 . 1 ) 


f(z) = z + I a^z“ 


n=2 


Hae begining of the theory of univalent analytic functions 
(henceforth called univalent functions) may be assigned to a paper 
hy Koebe, vdao, in 1907, showed, alongwith other results, that 

f 

there exists a constant K, (called Koebe ’s constant) such that 
•^le distsiaee of the bound^f ,f5br. aqy f e 5 is not less 



than K from w = 0, Ihis paper soon attracted the attention 
of other eminent mattiaiiaticians like Meberbach, . Gionwail, Eaber 
and others. In particular, Bieberbach 13 showed that the 
exact Talue of Koeb.e's constant ccanes out to be l/4. He also 
obtained precise bounds for lf’(z)l , IfCz)! for f e 5 , 

With the help of Gronwall's area principle, Bieberbach also showed 
that la^l ^2 for eveiy f e S . Since, with regard to all 
these properties, the function z(l + ez) , l^ l = 1» turns out 
to be an extremal function and since for this function ^ 

for n ^2, this made Bieberbach conjecture that, in general 
ja^j <_ n for n ^2 for all f e S . This conjecture has been 
shown to be true for n = 3,4, 5, 6 by liownef [40 ] , Garabediah and 
Schiffer w f .Pede 2 :*son and Schiffer [66j and Pederson ts] respect- 
ively. Hecently, Ozawa and Kubota [58] have proved that 
Ee ag 8 if 1.9 Ee a^ <. 2 and |lm a^/Ee a^\ < l/20. 

Validity of this conjecture for a^ aod a^(n^9) still roaains 
an open problem. 

Attempts to find a global pioof for Bieberbach ’s conjecture 
have met with a partial success. Bieberbach [7^] himself ^owed 
that |a^j < 5*1 n for all n. In 1925, lattlewood improved 

this estimate to ja^l < en. In 1951, BazileviS [^] succeeded in 

showing that ja^l < l/2 en + 1,51. While Hayman [^] showed 
that |a^| < n for n > n^(f), Utzgerald [16] in 1972» obteiined that 
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|a^| < (l,080l)n. Recently, Horowitz [26] has claimed to have 
proved the estinate |a^I < (l.069l)n for n ^2. 

1.2 ^Failure to establish the Bieberbaqh conjecture in its generality 
has given rise to the investigation of various subclasses of S . 
Foroaost amongst these is the class of convex functions. 


A function f e -S is said to be convex in A if image of A 
under f is a convex region, i.e., the line segnent joining any two 
points of f(A) lies wholly in f(A). We shall denote by C , 
the class of all functions of S vdoich are convex in A . 


A necessaiy and sufficient condition for a flinction f e S 
to be convex has been given by Robertson [ 71] , It states that a 
function f e S is convex in A if, and only if. 


( 1 . 2 . 1 ) 


Re {1 + z > 0, z e A 

f'(z) 


Robertson mi also introduced the concept of order for 
functions in C . A function f e C is of order »(0 ^ a < l) if 


( 1 . 2 . 2 ) 


f"(z) 

Re {1 + z 7 . } > a for z e A . 

f’C?) 


!Ihe class of convex functions of order o , we shall denote by . 


1.3 Ano-Uaer subclass of S vdiich is wider than C , is the class 


of etarlike fkinctions-i 
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A function f(z) in S is said to be starlifce in A if 
the image of A under f containing the point w = 0 is a star- 
like region, i^e.-, the line segment joining w = 0 to any point 
of f(A) lie vdiolly in f(A)i We shall denote by S* the cleiss 
of all functions in -S whiph are starlike w^r.t. origin. 


A necessaiy and sufficient condition for f e ■S to be stai^- 
like is also due to Robertson [71] • Ihus, a function f e -S is 
starlike in A w<r.t. origin if, and only if. 


(1.3.1) 


Re 


{z 


f'(z) 

f(z) 


} > 0 , 


z e A . 


lEhe concept of order for a etarlike function was initially 
introduced by Robertson [71 ] . A function f e S is star like of 
order o(0 < a < 1 ) in A if 


(1.3.2) 


Ee 

Az) 


for all z f. A . We shall denote by , the class of starlike 
functions of order ot(0 ^ < l) in A , It is clear ffcaa ( 1.2.2) 

and (1.3.2) that 

(1.5.3) f e if, and only if, zf’ e S* . 

iUrther, it is to be noted -ttiat CdS*. In fact, Marx [50] 
and strohhacker [80 ] proved that eve:^ convex function is starlike 
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of Older 1/2 and that this result is sharp. Later, Jack [ 27] 
proposed a general problem, viz., if f e , find 6(a) such 
that f e obtained a partial solution to 

this problem. Recently, this problem has been completely solved 
by MacGregor [48] • 

Ihe class of starlike functions plays such a vital role in 
the study of univalent functions that various subclasses of this 
class have been introduced and studied by different workers separately. 
Here we give a brief account of seme of them. 



for some y( 0 < Y<l) and for all z e A . 


_ Yet another subclass of starlike functions has 

been introduced. by .,Wri^t f 8rg ] , , ; Dius, f e. S’^l-a) if, and only if. 


(1.3,6) ' |z "7 Y ~ f - a 

, holds ) ■ «• 





Eenigenburg [13 ] considered tiie class 
f in S satis:^ing 


(1.3.7) 


f(z) 

^f(z) 


1 


< ot, 0 < a < 1 


of functions 


z e A • 


1.4 Ano tiler class wider than the class of starlike functions is 

the class of close— to-convex functions introduced by Kaplan [52] 

If f e S , then f is close— to-convex if there exists a function 
4 ) e C such that 


(1.4. 1) Re {f'(z)/<|)>(z)} > 0, z e A . 

This class we denote by ^ . Kaplan [32] has also characterised 
close— to— convex functions, without referaace to a convex function. 
Ihus, f e S is close-to-convex if»and only if, 

0 

( 1 . 4 . 2 ) / \e <1 + z de > -IT 

Piz) 

' i0 

where 6^ ' < e^, z = re and r 1. 

libera [j4] showed that if f e C, S* or K then 

F(z) =(2/z), / f(t) dt also belongs to C ,S* or K respectively 

0 , 

Livingston [39 ] studied the converse problem of this. He proved 
that if f e C, S* or K then R(z) = 1/2 (zf(z))* belongs to 
these classes respectively for |zj < 1/2. Later, Bemardi [^] 
generalized these results to functions of the foim f(z) * 

((c + l)/z ) / ‘t° ^ , f(t)dt v^eat^e c “ 1,2..... . iUrther 
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woik in this direction has been done by libera and livingstoh [ 37] 
Sin^ and Go el [78 ] » Al-Amiri [^] and others. 

Yet another class wider than Ihe class of starlike functions 
is the class of spiral like functions introduced by L-Spah^ [79] 
In 1932, Spal^ek essentially showed that a function f satistying 

(1.4.3) Re H > 0, U! = 1» zeA 

Az; 

i Y 

is univalent in A . If we replace 5 by e , |y| V2, then 
f is called a Y— spiral function. Bhe class of Y— spiral 
functions, lAhich we denote by , was studied by libera [3^ ]. 
Obviously = S*, 


Some analogous extensions of the classes S* , ^ f K etc. 

ct ^ 

have also been carried over to the iae3X)morphic univalent functions 
which are regular in the unit disc except for a simple pole at 
z = 0 (see [31.1» t35;.(47].[^ and others)* 

00 

1.5 let p denote the class of functions p(z) = 1 + I 

n=1 

analytic in A and satisifying 


( 1 . 5.0 


Re (p(z) > 0 


for z e A . . It is' well known (' |37], [82] etc.) that if 


f(z) = z > J "’a^z^ be analytic in a convex domain B and 


. ■; satisfi^, ..y:'"- j, : . 
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(1.5.2) Re’(f»(z))>0 

for all z e E, then f is univalent in E. MacGregor [4jp has 
studied the class R of functions f e S such that f • e P » The 
class Rj^ of functions, of the form (l.I.l), analytic in A , and 
satisfying 

(1.5.3) Re(f'(z))>a 

for 0 _< a < 1 z e A » has been studied by Ezrohi [ 14] 

Martynov [49] etc. 

Several .other subclasses of analytic functions whose derivatives 
have a positive real part in the unit disc have also been introduced 
and studied. 

MacGregor go] introduced and studied the subclass of R 
denoted by R and defined by the condition 

(1.5.4) lf*(z) - ll < 1, z e A . 

Goel [1^ generalized the above class by studying the class 
R(6)CZ.R satisi^ing the condi'y.on 

(1.5.5) If‘(z)-S[<«» 1/2<6£1, zeA. 

Goel [l^also introduced and studied the class R*(a) of functions 
f e 5 satisfying 
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(1.5.6) |f*(z)-lt<a 

for some a(0 < a <_ 1 ) and all z e & . 

Another interesting subclass ^ (v) of R has been introduced 
and studied by Padmanabhan and Gaplinger and Causey [10 1. 

!Daus, according to them, a function f e R(y) if, and only if, 

(1.5.7) l(f'(2)-l)/(f'(z) + l)l < Y 

for some y(o < Y 1. 1 ) and for all z e A . Recently Siaffei;. [76 1 
has introduced the class R**(5) of functions f(z) of the 
fom (l.I.l) and satisfying the condition 

(1.5.8) 

for 0 £ 6 < 1 and z e A , 

1 .6 Recently, the study of some of the above subclasses of univalent 
functions has been extended by considering the power series of f e S 
to be of the form 

' " 00 , 

( 1 .. 6 ..I ) z J a z^ . 

n=i:+1 ^ 

If we denote the class of functions f e S having 
representation ( 1 . 6 . 1 ) by , then it is clear that = S 

and that if Jc • 
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Qlie corresponding subclasses of starlike functions f ^ 
satisi^ing respectively the conditions ( 1 . 3 . 2 ), (l. 3 » 4 ), (l. 3 . 5 ), 
(1.3.6) and (1.3.7) we shall denote by ^ 

•S^(l-a) and 51 ^( 0 ). Analogously, the subclasses of R consisting 

of functions f e Sj^ and satisfying respectively the conditions 
(1.5.2) to (1.5.8) will be denoted by 

\,k ' \ 

1.7 Ibe theoiy of univalent functions has been vastly enriched by 
the introduction of the concept of extreme points, variational 
methods, integral and parametric representations, methods, of symmetri- 
zation etc. Here we have described only those aspects of the theory 
of univalent functions in the direction of which we have pursued it 
further. Ihus, in the present work, an attempt has been made to 
have a unified study of varioiis subclasses of univalent functions. 

It will be seen that our approach not Only yields a generalization of 
the various known results but also' gives rise to a number of new and 
refined results. lihe results are presented in the next five chapters. 

In Chapter ll, a unified approach to the study of various 
subclasses of starlike functions has been made by introducing the 
class S’*(a, 3 ) of starlihe functions of order o (0 < ct < 1) and 
type B (0 < 3^1). we ob'^iin a representation fonaula. 


distortion theorans, coefficieht estimates etc. for the class Sf(a, 3 ) 




and TNhich. are starlike of order a (0 < a < l) and type 3(0 < 3 _< 1 ). 

A sufficient condition for a function to be in bas also 

baen obtained. Eor different values of the parameters ct and 3 y 
our results yield, alongwith some new results, the corresponding 
results obtained by MacGregor [42 , ^ , Schild [73 , 74], Boyd [ 8 _] , 
Ram Sin^ ■ [ 68 ' ^ 69] , Padmanabhan Wright w, Eenigenburg [13], 

McCarty [5^ etb-* 

In Chapter III, we first piove a lemma which is widely used, 
throughout this work, in determining the radii of convexity and 
starlikeness for several subclasses of univalent functions. We then 
obtain sharp estimates for the radii of convexity for starlike 
functions of order a(0 ^ a < l) and type 3(0 < 3 ^ 1 ). In ' 

particular, these results include the results obtained by MacGregor [45 ] 
aaoroviS [84] , Singh and Goel [78 ] , Eenigenburg [13] , McCarty [sy 
and others. Moreover, we also obtain the radii of starlikeness for 
functions of the form 2E(z) = (zf(z))' where f ilhe 

results due to Livingston [59] , Singh and Goel [ 78] , Libera and 
Livingston [57] , Al-imiri [2_] et<S< follow from our results. 


Chapter LV is devoted to a unified study of various subclasses 
of the class of functions iiiiose derivatives have a positive real 
part in the unit disc. We Introduce a new subclass R(“, v\hich for 
different values of the parame,tera a ^ 3 giveJt the subclasses defined 

estimates, distortion theorems 


in sec. ,1.5. i; We ^ 
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radii of convexity etc. for functions in this class. !I3ae results 
so obtained sharpen and generalize the various results obtained 
earlier by MacGregor [^1 ^ 46 Eadmanabhan [64] , GoelL 1? y 1? 3 » 
Oaplinger and Causey [10] , Sfaaffer[ 75^76] and others. We also 
deteimine the radii of convexity for functions in g) which 

include the corresponding results obtained by MacGregor [41 ]> 

Shaffer Gil etc. 

Chapter V deals with liie determination of the radii of star- 
likeness and convexity for several subclasses of univalent functions^ 
lEhese results sharpen and generalize the results obtained by 
Livingston [59 ] , Shah [TTj^admanabhaa [60 ], Nikolaeva and Repnina 
[56] etc. We also give a different technique for obtaining the • 
radii of convexity and starlikeness for functions of the classes 

studied earlier by MacGregor [44,45 ], Ratti [70^ Hengartner and 

* — • . — * 

Schober and others. 

In the last chapter, we first obtain distortion theorems for 
various subclasses introduced in the preceding chapters vrfaen the 
second coefficient in 1iie power series expansion of liie function in 
ques'teLon is kept, fixed. We then stiady the effect of second coefficient 
on the radii of convexily and starlikeness for the functions of the 
several subclasses of^univalent functions. !Ihe results obtained 
earlier by Tepper j;^] f Gtoel [^], McCarty [^,^ ,A1-Jtailri [jj 
etc* follow f 2 *oa oUr results* % 



CHAPTER II 


SIAREIKE EMOTIOHS OE ORDER a AHD TIPE g-I 


2.1 Let f(z) given by 

c» 

(2.1.1) f(z) = z+yaz^ 

n=2 “ 

be analytic in the unit disc A={z:|z| <1} . If f(z) satisfies 
the condition 


(2.1.2) 


Re {z 


f(z) 


•}>0 


for all z e A , then it is well known ( [55 ] , pp. 221 ) that (2.1.2) 
is both necessaiy and sufficient for f to be univalent and starlike 
in A ^|P Dae function f(z), given by (2.1. 1), is starlike of order 
a(0 < a < 1 ) in the unit disc A if 


(2.1.3) 


. r 

Re {z } > a 

f(z) 


for all z e A (see [33] , [74] and others). Dae condition (2. 1.3) 
is eqtiivalent to 


|/Zf'(z) \ / / f’(z) \ 

- T) / (z 1-2 a) 


f(z) 


f{z) 


< 1 


or 

; 
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Now, let w = zf'(z)/f(z) and denote the half -plane Re w > a by 
. Let A,B denote respectively the points (“,0) and (l,o) 
in the w-plane. Corresponding to a point P in the w-plane choose 

> 4 > 

such that iP;j = 2iiP and draw the vector equal to the 

vector PB. 


P 



FlG-l 


Bien the condition for P to be in H is eqiiivalent to saying 


that 
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(2.1.5) |]^1 < B^pJ= lipj . 

Ihus, we find that P lies in if, and only if, ( 2 . 1 . 5 ) holds. 

ETow for a given b (0 < 6 ^ 1 ), choose a point Pg such that 
APg = 26 (AP) and draw vector P^Bg equal to liie vector PB . 
Consider the locus of the point P satisfying 

( 2 . 1 . 6 ) |bp1 < 123 AP - BP| = IAP 3 - BgPg|= lABgj, 

It can be easily seen that the locus of P, in this case, will be a 
subregion H^^g of the plane . In fact, simple calculations 
show that this subregion g is a disc which includes the point B 
in its interior and has centre at (l -K>i- 2 a 6 ^/ 2 ( 1 - 6 ) and radius 
(l-o)/ 2 (l- 6 ). Bhus by choosing different 8 satis:^ing 0 < 8 5. 1 
we subdivide into subregions H ^ such that H , for 

B 3'. Also 2 = . lUrliier, it can be easily checked that, 

given ary disc K in Ihe half-plane with centre on the real axis 

and vdiich includes the point B in its interior, o and 8 satis^ing 
0 ^ a < 1 , 0 < 6 ^ 1 can be found such that H = K. 


Bow consider functions f(z), given by (2.1. l), such^ that for 


all z e A , zf’,(z)/f(z) lies in some for seme 6 * Since for 

eveiy 6(0 < 6 < 1-)» oCI ^ » it follows that each such function 

^ a,|5 a 

is starlike of order a(0 _;< o < 1 ). We say that f is starlike of 
order a(0 £ a < 1 ) and typfe 6(0 < 6 £ 1 ) if it maps the unit disc A 

definition: 


into n Q , ..SbuB we h®we 


'i,-' ^ 



16 


Definition 2.1.1 ; Let f(z) = z + ^ analytic in the 

n=2 ^ "" ^ ' 

unit disc A . ittien f is said to be starlilse of order 

a(0 £ a < l) and type 6(0 <■ 6 <_ 1 ) if 
{2.1.7) |(,01-,)/{26( 

holds for some a, 6(0£a<i, 0<S< l) and for all 2 e A . 


Ihe class of starlike functions of order a(0 a ■< l) and 
type 6(0 < 6 < l) we shall denote by S*(o,6), 


It is easy to check that 5*(a, i ) is the class Of starlike 
functions of order a ; S*(o,l) gives the ifliiole class of starlike 
functions ifitiile 5* (a, 1 / 2 ) is tjie subclass of starlike functions 
studied by Wilght |8^i and McCarty [53] • Uie cases 
(a,B) = ( 0 , 1 / 2 ); (a fg) = (0,(26-1 )/ 25 ) and (a,B) - ((1 -.y)/(1 + y), 

(1 + y)/2) lead respectively to tde classes introduced by 

Ram s -ingfr [68,69] and ladmanabhan [61 ] » Also replacaoaent of a 

by 1-a and 0 by l/2 gives the class introduced by Eenigenburg [15 ] . 


Remark 2 « 1 « I ; Ihe introduction of the concept of 'lype* fOr the 
class of starlike functions of order «(0 5.a < 1 ) gives a motivation 
to define the concept of *1ype* for various existing subclasses of 
univalent functions. 'Hrus we have the following. 

Definitidn 2.1.2 : A function p e P is said to be of order 
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(2.1.8) l(p(z)-1 )/{ 2 B(p(z)-a)-(p( 2 ;)- 1 )}[ <1 

holds for same a, 3(0j^a<i, o< 3_^l) and for all z e A . 

In ( 2 . 1 . 8 ), replacing the function p by zf'(z)/f(z), 

1+zf"(z)/f *(z)>/f*(z)/<)>’(z}^|'^ e Cf zf '(z)/{f(z)-f(-z)}, 
z(zf ^(z))'/{zf '(z) + zf '(-z)}^^'''^ zf'(z)/f(z), |Yl<'>i'/2or (l-6)zf *(z)/f(z) + 
'5(l+zf’'(z)/f *(z)), we get respectively the class of starlihSj 

convex, do se-to-convex, starlike w. r.t. symmetric points tza » 
convex w.r.t. ^mmetric points [7y , Y-spiral or 6-convex functions 
till of order a(0 ^ a < 1 ) and "type 3(0 < 3 ;< 1 ). However, in the 
present work, we shall confine ourselves to the cases p(z)=zf '(z)/f(z) 
and p(z) = 1+zf"(z)/f '(z) only and vdll not take up other classes. 

We shall denote the class of convex functions of order a(0 ^ a < 1 ) 
and fype 3 (O < 6 1 ) by C(a,6). 

Remark 2.1 .2 t Erom the definitions of S*(aj3) and C(a, 3 ) it is 
obvious that f e C(a,3) if, and only if, zf’ e S*(a,B). 

Remark 2.1.3 • Ihe function f(z), given by ( 2 .I. 1 ) and satisi^ing 

(2.1ii) l(z - l)/(z 1-2a)} < 3 

for some a, 3(0 ^ a < 1, 0 < 3 ^ 1 ), z e A is easily seen to be of 
order ( 1 - 3 + 2a3)/(l+3) and type (l+e)/2. !Ehe class of functions 
satisiQring (2.1.9) was introduced in 
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As noticed above, our class 5*(a,3) includes the various 
subclasses of starlike functions. Hence, a study of its various 
properties will lead to a unified study of these subclasses. 

However, to include also the study of the subclasses 5* , S, (6) , 

■S|^Cy) f and S^(a) of the class of starlike functions as 

defined in sec. 1.6, we shall, in the present chapter, study 
functions of S*(oi, B) whose power series begins 

We denote the class of all such functions by ®). A represen- 

tation formula, distortion theorems, coefficient estimates etc. are 
obtained for the functions in S^(oi, B). We also obtain a sufficient 
condition for a function to be in Sbr different values 

of the parameters a,B(0 _< a < 1,0 < B ^ I), our results yield the 
corresponding results for their respective classes obtained by 
Schild [7^, 74], MacOregor [42 , 43] , Boyd [^] , Ram Singh [68 , 69 ] , 

Padmanabhan , Wright [85] j Eenigenburg [13] and McCarty [55] etc. 

2.2 A representation formula for functions in S^(a, B). 

let A denote the class of functions (p which are analytic 
in the unit disc A and l<(>(z)l i 1 for all z e A . We require 
the following lemma. 

/ \ k k+1 

lemma 2.2.1 : let H(.z; =1+ Cj^z + +..... be analytic acd 

8atisf7 the, condition 

(2.2.1) |(H(z)-l)/{2B(H(z)-a)-{H(z)-l)>l <1, (0<a<1,0<6<l) 
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:for all z £ A . !Ilhen we have 

1 + (2a3-l) z^(!)(z) 

(2.2.2) H(z) = :r 

1 + (26--1) Z <()(z) 

where 4 e A . Conversely ary function H given by the formula 

(2.2.2) where $ e A is analytic in A and satisfies (2.2.1 ) for 
all z e A . 

Iroof s let: H(z) = 1 + + °k+1 ' * Setting 

1 - H(z) 

(2.2.3) h(z) = . 

2e(H(z)-a)-(H(z)-l) 

We note that h is analytic and satisfies lh,(z)l < 1 for all z e A 
and also 11(2) has a zero of order k at z = 0. Haus by ( [^] , 
pp. 138) j 

(2.2.4) ii(z) = z^(J>(z) 

where 4 e A, Hence from (2.2.3) and (2.2.4), we have 

1 + (2a&-l ) z^ <!)(z) 

H(z) = — — g . 

1 + (26-1 )z <|;(z) 

ilso if H(z) is given by (2.2.2), since 

|z%(z)| _< Izl'^ < 1 in A ; 

clearly H is analytic in A . Sae function 

1 + (2ae-l) z^ 


w 


1 + (2B-I ) 2^ 
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maps jzl < 1 onto the disc I (l-w)/{20(w'^)-(w-1 )}] <1 in w-plane 
and the converse part in the lemma follows from the above observation. 


Iheorgn 2.2.1 : Let f(z) = z+ J az^ be analytic in the unit 


rt=k+1 


disc A . ilhen f e Sj^(a,0) if and only if 


2 

(2.2.5) f(z) = z exp {-2B(l-a) / 




1 + (2B-1) t%(t) 


for some 0 e A, 


Proof : Let f e 5^(0, 6), it is easily seen that zf'(z)/f(z) 

satisfies the hypothesis of the first part of Lemma 2.2.1. Therefore 
we can write 

f*(z) 1 + (2aB-i) z^(|>(z) 

f(z) 1 + (26-1 ) z%(z) 

wh ere (J) e A , z e A • (Thus ,we have 

(a.2.6) f'(0 , 26(l-a) 

f(z) ^ 1 + (26-1) z*^b(z) 

Integration gives (2.2.5) Immediately. Conversely, if f has the 
representation (2.2.5) for some e A then, it follows that 

f'(z) 1 + (2aB-l) z^4)(z) 

f(z) 1 + (20-1 ) z (^(z) 

so that by converse part of Lemma 2.2.1, we have f e Sj‘( a, 6). 

Hence the Iheorem. , 



For k = 1, we deduce the following : 


Corollaiy 2.2.1a ; Let f(z) = z + ^ be analytic in the 


n=2 


unit disc A . ihen f e S* (a,6) if and only if 

z <{,(t) - 

(2.2.7) f(z) = z exp {- 2 e(l-a) / dt) 


0 1 + (2B-l)td(t) 


for some ^ e A 


Corollary 2.2. 1b ; Let f(z) = z + 'l be analytic in tiie 

n=fc+1 

unit disc A . Qtien f e 5* ' if and only if 
' Ot K 


(2.2.8) f(z) = z exp {-2(l-a) / 


z t^ ^Ki:) 


1 + t ( t» ) 


dt} 


for some d e A . 

Ihe above result is obtained by putting 6 = 1 in tti^rem 2.2.1 
and gives the representation formula for starlike functions of order 
a(0 ^ a < 1 ). 

Replacing a by (i-Y)/(i+y) and 6 by (i+y)/ 2 in 
Theorem 2.2.1, we get the following representation formula for the 
functions of the class ). 


Oorollary 2.2. 1c : Let tiz) - z + ^ be analytic in Ihe 

n=k+1 

. Then ‘ f e S*( y) if and only if 

, K. 


unit diso A 
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Remark 2.2.1 i (a) Putting B = 1/2 or (“j^) = (O, i/2) or 
(a,B) = (0, (26-1 )/26) or replacing a by 1— a and B by l/2 iii 
Theorem 2.2.1, we deduce respectively the corresponding representation 
formulae for the functions in •S*(i-a), ■S]j(l) = 

5j(a). 

(b ) Taking different values of the parameters a,B(0 < 1,0 < B ^1 ) 

in Corollary 2.2. la, we get corresponding representation formulae for 
the different subclasses of starlike functions obtained by Schild 
[74] , MacGregor [43] , Ram Sin^ [ 68 , 69] , Padmanabhan [61] , 

Eenigenburg [HI , McCarty [H3 etc. 

We now prove a corresponding result for the class Ci-(a,8) of 

k+1 

functions in C (a , 6) whose power series begins z + + ...as follov/s. 
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Corollaiy 2.2.2 : Let f(z) = z + ^ a z Ije analytic in the 

n=2 “ 

unit disc a . Then t e C(a,3) if and only if 


( 2 . 2 . 11 ) f'(z) = exp {-2g(l-a) / dt } 

o 1 + ( 23 - 1 ) t4>(t) 

for some (ji e A. 


2.3 Distortion theorems. 

00 

Theorem 2.3.1 ; Let f(z) = z+ J, be analytic 

n=45:+1 

in the unit disc A and suppose that f e 3)* !Haen we have , 

for 0 < a < 1 , 3 5 ^ 1 / 2 , z e A 


(2.3.1) |f(z)l 




( 2 . 3 . 2 ) lf(z)|- 


(l-(l-23)|z|^)^®^^““^/^^®"'' 


whereas for 0< a <1, 3 =1/2, zeA 


(2.3.3) 1^(2)! 1 |zl exp { 


(1-a) 




(2.3.4) |f(z) 1 ^ Iz I exp {- 


( 1 -a) 


1 

h } 


All the above estimates are shari: 


Proof : Since f eS*(a»6), we observe that 1±ie condition (2,1.7), 
oupled with an application of Schwarz’s Lemma f 53l implies that for 
e A, zf*(z)/f(z) assumes values lying in the disk K obtained by 
aking the line segment joining the points (l+(2a&-1 ) Jz I^)/ 
1-^(^M)lzl^) and (i4ai^||zl^^<t-*<2e-l)|z|^) as diameter. 
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Hence we have 


1 + (2a6-l)|zr f’(z) f 

(2.3.5) — {z }< — 


1 + ( 2 M) Izl 


f(z) - 1 


(2a3-^1 ) |z 1 

( 20-1 )\zf 


let jz] =r } then (2.3-5) gives 


log ( ) = Re (log (^^)) 


o 


= Re / - [s 


1 1 !M 


- 13 ds 


(2.3.6) 


>i 1 , ie 


1 ie 

t leT 


f(te"'’) 


1 } dt 


^|z| 2 e(l-a)t^~'' 

0 i-( 2 e-i)t^ 


How two cases arise . (i) If 0 ^ a < 1, Q ^ l/2^ Ihen (2.3.6) gives 
• / N 23(l^a) 

log (f^l )±- log (l-(26-1 )U|''), 

( 26 -l)k 


Ottius we have 


|ihi|< 

^ (l-( 28 ^ 


^jk:^ 26 (l-«)/( 2 e-l)k 


TAhich gives (2.3.1 ). 
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(ii) If 0 <_a < 1 ,-g = - 1 / 2 , then (2.3.6) gives 
log ( ) _< (l_a) I ^k-1 


= (l-“) 


Biis proves (2.3.3). To prove the remaining estimates, ( 2 . 3 . 5 ) 


gives 


Ea . He {z - 1) 

2B(l-a)|zl^ 

1 +( 23 -l)|z|^ 


Thus wo have 


( 2 . 3 . 7 ) 


log (l4^|) = Re (log ( )) 

^ z 

r -26(l-a)t^"‘' 

^ / — 

o 1+(2B-l) 


Again two cases arise . (i) If 0 £ a < r, Q ^ 1/2, tiien (2.3.7) 


gives 


-p/ V, 2B(l-a) 

log (i^l) 1 log (i+( 26 -i)|z 1 ^) . 

(28-1 )k 

This pioves (2.3.2). 

(ii) If 0 < ot < 1,6 =1/2, then ( 2 . 3 . 7 ) gives 
log ( l^^l) (l-a) / t^“’' dt 




T/*.ich gives (2.3.4),. ^ 
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Equalily in (2.3. l) and (2.3.2) holdSfor the function 


f(z) = 


(l-(26-l) /)2S(l-«)/(26-l)k 


whereas in (2.3.3) and (2.3.4) for the function 


f(z) = z exp • 


Eor k = 1 , we deduce the following: 


Corollary 2.3.1a ; let f(z) = z + ) be analytic in the 

n=2 ‘ 

unit disc A and suppose that f e S*(a, B), Bben we have, for 
0 1 a < 1, B 1/2, z e A 


(2.3.8) |f(z)l 1 


(i-(2b-i)!z1)2'^^-“^/^^^-^ 


(2.3.9) |f(z)l > 


(l+(2B-1 )lzl) 


2B(l-a)/(2B-r 


whereas for 0£a<1, B=l/2, zeA 


( 2 . 3 . 10 ) lf(z)I Izl exp {(l-u) lz|}* 


(2.3.11) lf(z)li IzJ exp { -(l-a)]z !>. 


quality in (2.3 .8) and (2.3.9 ) holds for tiae function 


f(z) = 


(l-(2B-1 )z)’ 


2B(l-a)/(2B-1, 


and in (2.3.IO) and (2.3»1.l) for tije function 
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f(z) = 


ze 


(l-a)i 


Gorollaiy 2.5 » 1b : Let f(z) = z + ^ analytic in the 

n=k+1 ^ 

unit disc a and suppose that f e S* , . Ohen we have, for z e A 

— — — i 'I — I ■ ... . I— n il. ■ . Ol^K 

(2.3.12) If(z)l < F T ri-aTA 


(2.3.13) |f(z)l> 




The estimates are sharp . 


0]he above result is obtained by putting 6 = 1 in Theorem 2.3.1 
and gives the distortion theorems for starlike functions of order 
a(o £ » < 1 ). 


Replacing a by (i-y)/(i+y) and B by (i+y)/ 2 in Tlieorem 2.3.1, 
we get the following distortion theorems for the functions in 


Gorollaiy 2.3.1c : Let f(z) = z + J analytic in the 


ct=k+1 


unit disc A and suppose that f e Sj^^Y ). Then we have , for z e A 


(2.3.14) lf(z)| < 




(2.3.15) 


!f(2)| 




The estimates are ^arp. 
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Remark 2.5,1 : (a) Putting g = 1/2; (a, b) = (O, 1/2); (a, B) = 

(O, (26-1 )/25 ) and replacement of a by 1-a and B by I/2, in 
Iheorem 2.3«1) we deduce respectively the corresponding distortion 
theorems for the functions in 5*(l-a), 

■ 

(b ) faking different values of the parameters a, B (0 <_ a < 1, 0 < B <.l) 
in corollaiy 2.3.1a, we get corresponding distortion theorems for their 
respective classes obtained by Schild [74] , MacG-regor [43] , Ram Singh 
[68j69] > Padmnabhan m , Eenigenburg m and McCarty [53 ] . 

iEheorem 2.3.1, together with the fact, f e C^(a, b) ifjand only if, 
45f ‘ e 5*(a,B) gives the following corresponding result for the class 

Ck(a,B). 

00 ri 

Theorem 2.3.2 ; Let fCz) = z + a^z be analytic in the 

n=k+1 ^ ^ ~ 

unit disc a and suppose that f e Cj^(a,B). Hien we have, for 
0 £ a < 1 , B / 1/2 , z e A 

1 

(2.3.16) |f'(z)l £ 

(2.3.17) tf’(z)l > 

vriiereas for 0<_a<l, B = l/2, z 'k‘ & 
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(2.3.18) lf'(z)l ^ exp ^ Jzl^} 

(2.3.19) |f'(z)| ^ exp {- • 


Equallly in (2.3 .16 ) aod (2.3.17) holds for the function givea by 

(2.3.20) = (,.(,j.,)/)2e(i-»)/(2e-i)k 


whereas la (2.3.18) and (2.3.19) for the fuaction given. by 

(2.3.21) f*(z) = exp z^} . 

Por k = 1, we deduce the following result ; 


00 

Gorollaiy 2.3.2 ; let f(z) = z + J a^z be analytic in ihe unit 

n=2 

disc A and suppose that f e C(a,8). iEhen we have, for 0 <_ a < 1 , 
1/2, z e A 

1 

(2.3.23) ]f'(z)i> 


(l+(2B-l )|zt ) 


20(l-a)/(2B-l) 


whereas for O^a <1,8= l/2, z e A 

(2.3.24) jf'(z)| < exp {(l-a)|z)} 

(2.3.25) |f’(z)| i exp {(a-l)jzj } . 

Equaiily in the above estimates holds for the functions given 
by (2.3.20) and (2.3.21 ) with k =5 1. 
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2.4 A sufficient condition for a fgactioa to be ia Sj^(a, g) and 


iHaeoreia 2.4. 1 ; 
unit disc A. 


Let f(z) = z + y a z be anaiytic in. the 

nsk+1 “ 

If for some a,3(0j^a < 1, 0 < 6^ l/2 ), 


(2.4.1) I [(l-0)n - a8]|a 1 < 8(l-a), 

nf=k:+l 

then f(z) belongs to Sj^(a,e). 

Proof : We employ the same technique as used by Clunie and Keo^ 
Thus suppose that (2.4*1 ) holds and that 


f(z) = z + I a^z“ ; 
Et=k+1 

then for z e A , 


zf'(z) - f(z) |-|2B(zf '(z) - af(z)) - (zf’(z) - f(z))! 


= I I (n-1 )a^z“|-|28{(l-a)z + I (n-a)a^z'^} - 
n=k+1 n=k+1 

I (n-1) a^z^j 
rt=k+1 


= 1 y (n-l)a^z“j- l2B(l-a)z+ \ (l-2ae) a^z“ + 

n=%:+1 i3F?k:+l 

\ (28-1 )n a^z^l 

n=k;+t 

£ I (a-l)|a |r“- {|28(l-a)z + f (l-2ae )a^z^|- 
n?:k+1 n=k+1 

00 

1 (1-28 )n la^lr } 
n=4c+1 



31 


< I (n-l) |a^|r“-{23(l-a)r - J (l-2a3)|a |r“ - 

a=k+1 n=k+1 

00 

I ( 1 - 2 B )a|a |r“} 
n=k+1 

00 OQ 

< [ I (n-1 )Ia |~23(l-a) + 'I ( 1-2a3+n-23n) |a | ] r 

n=k+1 n=k+1 

00 

= [ I [(l-e)n - a3] |a I - 3(l-a)] 2r 
n=k+1 ^ 

10, by ( 2 . 4 . 1 ). 

Hence it follows that 

£‘( 2 ) f*(z) f'(z) 

I (z 1 ) / {23 (z a) - (z 1 )} I <1, 

f(z) f(z) f(z) 

so that f e S*(a,3). 

Por k = 1, we deduce the following result : 

00 

Corollaiy 2.4.1 : Let f(z) = z + ^ a z be analytic in the unit 

n=2 . 

disc A. If for some a>0 (O ^a<1»0<Bl I/ 2 ), 

00 

( 2 . 4 . 2 ) I [(l-B)n - 03] < 3(l-a), 

n=2 

then f(z) belongs to S^a,3). 

Ranark 2.4.1 : (a) faking 3 = l/2; (a, 3 ) = (O, I/ 2 ); 

(a, 6 ) = ( 0 , ( 2 d-i )/ 2 d ) and replacing a by 1 -a and 3 by l/ 2 , 
in fheorem 2 . 4 . 1 , we get respectively a e\xfficieat condition 
for functions in •S*(l-ci), Sj^(l ) s 5 *, S ^(6 ) andS^(ct). 
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(b) litor different values of the parameters a, b(o _< a < 1,0 < 0 ^1/2) 
in t&m corollaiy 2.4.1 , we get corresponding sufficient conditions 
for their respective classes studied . by Earn Sin^ [68,69 H.Eenigenburg 
and McOarly t53 ] . 

We now give a corresponding sufficient condition for functions 
in (^(a, B). 

00 

theorem 2.4.2 : let f(z) = z + \ analytic in the unit 

^ ^ 

disc A . If for some a, 0(O_^a<i,O<0< l/2), 


(2.4.3) 2 n [(l-S)n- aB]|a | ^ (l-a)B , . 

n=fc+l 

then f(z) belongs to 

Proof : Ihe proof follows immediately by the fact, f e C|^(a,6) if, and 
only if, zf’ e S (a,B), since we may replace a by n a in theorem 2.4.1. 

iv 0 n, 

Eor k = 1, we deduce the following result: 

CO 

Corollary 2.4.2 : let f(z) = z + y a z be analytic in the unit 

n^2 ^ 

disc A . If for some a , 0(o ;< a <1,0 < 0 I/2 ), 

00 

(2.4.4) y n [(l--0)n - ag] ja I ^ (l-a)g , 
n=2 

then f(z) belongs to C(a,g). 

2.5 Some coefficient estimates : 

■',00 • 

theorem 2.5.1: let f(z) = z. + I a z be in 5,*.(a,0). 



35 


3(i-ct) 

(a) ^ 8(l-a) > ][£^M = [— ] . Then 


(2*5* 1 ) la I < 

' n — 


^ (n-l)(m-l)l v=0 


k(l-B) 

m-l 28(l-a) 

n ((23-1 )y + ^ ) 


^ mk+l In < (m+l)k, m = 1,2,...., M+1 and 


(2.5.2) 




(n-l)(M+l)! v=0 


M+1 28(l-a) 

n ((23-1 )y + — ), n>(M+2)k. 


(b) _If 3(l-a) _< k(l-3), then 

28(l-a) 

(2.5.3) [a^l ^ — for n ^k+1. 

The estimates in (2^,5. 1 ) are diarp for n = mk+1 , m = 1 ,2, . . . while the 
estimates In (2.5.3) are sharp for all n. 


Proof; We employ the technique used bv MacRrego-r [4y . Thus, let 


f e S*(a,3), then we hare 


(2.5.4) h(z) = 


zf*(z) - f(z) 


2S(zf *(z)-af(z))-( zf '(z)-f(z)) 


■where h is regular in A and satisfies lh(z)l < 1 in A . Also 
the power, series for h(z) begins with c, e , . 

J£ J£“r I 

Equating coefficients of the same powers on bolh sides of the equation 

zff(z) - f(z) = h(z){ 28 (zf*(z) - af(z)) - (zf ' (z)-f(z)}} 
or 
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+ c {2 3(l-a) z + 

n=k+i ^ 

CO 

I ((2e-l)n+i-2aB)a^z“} 
n=k+l “ 


we obtain 


(2.5.6) (n-l) a^= 2g(l-a)c^_^ for n = k+1 , k+2,...,2k. 

00 

Since |li(z) | < 1, it follows that ^ Ic | j< 1 and so 

n=k ’ 


(2.5.7) 


l°nl 11- 


From (2.5.6) and (2.5.7), we find that 


(2.5.8) I (n-l)^|a £ 4 e^(l-a)^. 

n=k+1 “ 


(2.5.5) can be rewritten in the form 

(2.5.9) f (n-l)a^z“’+ f d z^= h(z){2e(l-a) z + 

tt=k+1 n?=p+1 

p-k 

1 ((2e-l)n+1-2aB) a„z“} . 

n=k+1 “ 

Since (2.5.9) has the form f(z) = h(z) G(z), where !h(z)| < 1, it 
follows that 

(2.5.10) ^ <X J jG(re^‘^)l^ d$ 

O' 'O' ■ ■ 

for each r(o < r < 1). impressing ( 2.5.10) in teims of the coefficiaats 
in (2.5.9), we get 


(2.5.11) I (n-lflaFr^^+ J l<i I £ { 4 s\l-«) 

0^+1 ■ nf=p+1 “ 


2 2 
r + 


: ((2B-l)n+1-2aB)^|a . 
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In particular, (2.5.1 1 ) implies 
P 


(2.5.12) I (n-l) la^l r <4B(l-a)r+ 
n=k+1 

p-k 

I ((213-1 )a + 1-203)^ ki^ r^“ 
a=*+1 

Letting r -> 1 in (2.5.12)5 we conclude that 
P Q 

(2.5.13) I (n-l) |a l^ 143^(1-^)^+ I ((20-l)n+1-2a6)^la 1^. 

n=k+1 a=i?:+1 “ 


!]3iis inequality is equivalent to 

(2.5.14) 5; (a-l)^la^l^ <_4e^(l-a)^+ I {((2e-l)n+1-2aP)^- 


n=:p-k+1 


n?=k+1 




low two cases arise, (a) if 6(l-a) > k(l-B), then by an inductive 

argument we will establish the inequalities 

(iii+l)k 0 V m-1 2B(l-a) „ 

(2.5.l5|a) I (n-l)^ja^r J[ ((23 -l)y+— )} 


n=mk+1 


^^(m-l)l y=0 


(m+1 )k P P 

(2.5.155b) ^ {((2B-1 ) n + 1-2a8) -(n-1 ) }li 


n=aiik+1 
. m-1 

d 


n' 


£ n ((23-1 )v + 


mi 


y=o 


28(1 -a) 
“k 


)f {((28-1 )mk+26(l-a))^-^\^} 


8(l-a) 

for m = 1 ,2, ..... ,M+1 ; M = [ J ifldiere Ip] denotes the greatest 


k(l-e) 


integer not greater »than p. 


Itor m = 1, (2. 5. 15 5 a) gives 
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I (^- 1 ) h r < 

n=k+1 ~ 

which is same as (2.5.8). Ihiis (2.5.15*,a) is valid for m 
can prove (2.5.15|b) for m = 1 by using (2.5.8) as follows. 


= 1. We 


I {((26-l) n + 1-2aB)- (n-l)^} la 
rt=k+1 ^ 

{(2e-l)k+2B(l-a)}^- k^ 2k ^ ^ 

i X ^ > l"n I 

k n=;k+1 


46^(l-a)^ 


{(( 23 - 1 ) k + 23 (l-a))- k^> . 


low suppose that (2.5. 15; a) and (2.5.15;b) hold for m = 1,2,...,q-1. 
Using (2.5.14) with p = (q+i )k and the inductive hypothesis concerning 
(2.5. 15; a), we obtain the inequalities 
(q+l)k qk 

I (n-l) ja < 43 ^(l-a)^+ { { ((23 -1 )n+1-2ae)^-(n-1 )^} |a„ 1 ^ 

n=qk+1 0^+1 ' Cl' 


2 2 n'l”'' 5 5 

= 4S (l-a)%^ {((23-l)n+1-2a3) -(n-l)^}la '2 

m=1 n=imk+1 ^ 


2 . 2 1 23(1 -a) 

^43 (l-a) +I n ((23-1 )u +—r )f 

Et =1 * y=o 


{((23-l)3Dk+23(l-a))^ -m 


V q-i 23(1-0) 5 

1 ((2B-l)h+— )f . 

(q-1 ) ! y=0 


Kie last equality can be easily obtained by an inductive argument on q. 
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This last sequence of inequalities implies (2.5»l5';a) where m = q. 

Continuing our argument, we use (2.5.l5;a) with m = q to deduce 
(2.5.15|b) for m = q as follows. 

U+l 2 2 2 

I {((2e-l)n + 1 - 2a8) - (n-l) }la^p 

n=:qk+1 


((23-l)qk + 2B(l-a))^- q^k^ (q+1 )k p P 

I (-0" laj" 

n;=qk+1 


A2 


2 2 , 2 


((2B-l)qk + 23(l-“a)) - q k 


, q-1 2e(l“^) 2 

i — — n ((2e-i)vi+ ■, 

(q-1)! V=0 ■ ^ 


, q-1 2B(l^) 

= -t-, n ((2is-l)v + — ^ )}^{((2e-l)qk+26(l-<i))^-q‘^k^> . 

u=0 

This completes the proof of (2,5.l5;a) and (2.5.15;b). Now (2.5.1 ) 
follows from (2.5.15ja). 

To prove (2.5.2), suppose n > (M+2)k. Putting p = (q+l)k in 
(2.5.14)> we have 

(q'^l )k o o o o o o 

I (n-l)^ Ja p < 43 (l-a) + I {(( 23 -I )n+l-2a6)Ma-1 ) } ja f 
n^qk+1 n=k+1 

Hence, for< n >(M+2)k, we have 


(n-1 f fa < 43^( 1-a f+ f {((28-1 )n+1-2a8)^-(n-1 )^> ja 

n=k+1 

(ffi+2)k P 

= 48 (l-a) + I {((28-1 )n+1-2a8) -(n-1 )‘^}la^}^ 
rtek+1 


qk 
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+ I {((2e-l)n+1-2a3)^-(n-l)^} |a 
n=(M+2)k+1 ' 


2, ,2 


43 (l-a) + I I {((23-l)n+1-2a3)^-(n-l),^} |a 1^ 
m=1 ct=mk+l “ 


q-1 (m+i)k 

Z Z {((23-1 )n+1-2oi3) -(n-1 ) } la 1^ 

2i=M+2 n=3iik+l ' n' 


> 2 ,. ^'2 


(2.5.16)^43(1-0) + J ^ {((26-l)n+1-2ct3)^-(n-l)^} ja f 

ni=l a=irik:+1 ^ 


Usxng (2.5.15;b) in (2.5.16), we obtain 


/ ,.2 1 |2 ^ r k 23(1-0) 

(n-1) la^l <1- n )j2 

(m+ 1 ) I y=o ^ 


, , k 23(l-a) 

l^nI-~ ~ n ((23-1 )v + r ), n>(M+2) k. 

(n-l) (m+i)! p=0 » ^ 

This proves (2.5.2). 


(b) If 3(1-0) £k(l-3), then (2.5.13) 


gives 


I (n-l)^ |a < 43^(l-a)^ 
n=k+l ^ ■ 


(n-l)^ |a^|^ £43^(1 -o)^ if n ^k-t-l, 


23(1-0) 


Fnl- 


(n-1) 


if n > k+l , 


which gives (2.5,3). 
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Ihe function f given by 
f'(z) 1-(2ae-l) 

z — “ 3 — — where 3(l-a) > h(l-0) 

f(z) 1-(26-l) z 

iYV(2.5.1) 

shows that the estimates)^ are shaorp for n = mh+1, m = 1,2,3,... while 
the estimates in (2.5.3) are sharp for the function 


f(z) = z exp-[[2e(l-a)/(n-1 )] z^ 
where b(i-“) _< k( I-b) and n > k+1. 

For k = 1 , we deduce the following result: 


Corollary 2.5.1a ; let f ( z ) = z + a z*^ be in S*( a, 0 ). 

n=2 

B(l-a) 

(a) If B(l-a) > 1-B , let M = [ " ■] . !Ihen 


n 


n C(2S-l)k + 2(l-B-a0)) 


(2.5.17) ja^l < 


k=2 


(n-1 )! 


for n = 2,3 
(2.5 .,.18) 



, N = M+2 and 



N+1 

H ((2M)k + 2(l-B-aB)) 
k=2 ■ 


( 1 - 1)1 


n > F 


(b) If 3(l-a)£ i-B , then 

2B(l-a) 

(2.5.19) |a^l for n^'2. • 

The estimates in (2.5.17) ar-e gfaa^for the function given by 



f'(z) 1-(2aS-l)z 

z where > (l-&) 

f(z) i-(2e-i)z 


while the estimates ia (2.3 • ^9 )a.Te sharp for the fuaction 


f(z) = z exp-[[2&(l-a)/(ii-1 )] 2 ^ \j}^where 0(l-ci) ^1-3 and n ^ 2 

Patting 3 = 1 in Iheoreia 2.5.1, we get the following result due to 
Boyd [^] . 


Oorollaiy 2.5.1b ; If f(z) = z + 7 a,_z^ is in 5* . 

— r— ■ li CX«K! 

n=;k+1 


Then 


(2,5.20) \a\± 


^ (n-1 )(mr-l )1 v=0 


m-1 2(1-^) 

n — ) 


v\hefe ink + 1 ^ n ^ (m+1 )k, m = 1,2...... Jhe result is sharp for 

n = mk +1, m = 1,2...... for the fuaction 

Ihe following result due to MacGregor w can be obtained by 

taking (a,8)= (0,l) in Bneoron 2.5.1 or a = 0 in corollaiy 2.5.1b. 

00 

Corollaiy 2.5.1c : it- ' f(z) = z + 2 a z is in . Ifaen 

n=k+1 

(2.5.21) |a I < n (v + 2/k) 

(a-l)(m-l)l y=0 

where nic+l < n < (m+1 )k, m = 1,2,,,. .. , Bie esti mates are sharp 
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He ^xk 2.5. 1 ;(a putting g = l/2;(a,8) = (0,l/2); (a,e) = 

(i+y)/2) and replacing a by l-a and g by I/2 in Theorem 2.5.1, we 
get respectireily the corresponding coefficient estimates for the 
functions of the classes 5*(l-oc), ^ 

(b) For different values of the parameters a, 6(0 ^ a < 1,0 < g < 1 ) 
in corollary 2.5.1a, we get corresponding coefficient estimates for 
their respective classes obtained by Schild [7^ , Ram Sin^ 
Eenigenburg tj^j , McCarly etc. 

We now prove a corresponding result for Unctions of the class 
as follows. 


Theorem 2 

.5.2 ; 

let f(2) 

= z ■ 

I. V n 

^ Z, 
n=k+l 

ia Cjj.(a 

)* 

(a) 


e(i- 

a) > k(l-g), 

let 

M = 

3(l-a) 

^ . si * 

Then 








kU-B) 



( 2.5 

.22 ) 

la 

J n 

j <- ^ 

-l)l 

m-l 

n 

((2g-l)v + 

2S(l-ci) 

) 



n(n-i;(ni- 

}j=0 

k 


for 

mk+1 

< a jc 

(m+l )l5:, m - 

1,2, 


M+1 and 



(2.5. 

.23) 

la 1 
I ni 

k 

< 

~ n(n-l)(M+1 )! 

M+1 

n 

y=o 

C(2g-1 )y + 

2B(l-a) 

k 

)> n > (M+2)k 

(b) 

M 

3(l*a 

) ^k(l-e), 

then 
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(2.5.24) 


a < 

I n> — 


2e(i^) 

n(ri-1 ) 


for n > k+1, 


Ufae result (2.5.22) is sharp for a = mk+1, m=1,2^. .. for the fUnctio'g: 


1 + z 


f"(z) 1-(2a3-l)z 


f’(z) 1 -(26 - 1)5 


vtiere ^(l-a) > k(l-6) 


v4iile the estimates in (2.5.24) are sharp for the fgaction 

f(z) = z exp ■|[26(l-a)/n(n-1 )]z*^ ^}^'v*iere 

g(l-a) ^k(l-6) ,n ^k+1, 

Por k = 1, we deduce the following result: 

00 

Gorollaiy 2.5.2 ; let f(z)=z + ^ az be in c(a>6)* 


n=2 


6(l-a) 

(a) If 6(l-a) > ( 1 - 6 ), let M = f— ]. Ihen 


n 


1-6 


(2.5.25) !a^|< 


n ((26-1 )k+2(l-6-a6)) 
k=2 

n! 


f 01 * n = 2,3,...,N = M+2 and 


(2.5.26) ja^l < 


N+1 

E ((26-l)k+2(l-g-a6)) 
k=2 


n(a-1 ) i 


(N-l)! 


n > U. 


(b) If s(l-a) < ( 1 - 6 ). then 

2g(l-a) 

(2.5.27) ,n> 2 . 

n(n«1 ) 
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Ihe estimates in (2.5*25) are sharp for the- function si'g'eQ b.V 


f"(z:) 1-(2a6-l)z 

1 + z ;- = where g(i-a) > (i-B) 

f'(z) 1-(23 -i)z 

while the estiraates in (2.5.27) are sharp for the function 


f(z) = z exp|[2g(l-a)/a(n-1 )] z^ ^^where g(l-a) £1-3 


and n > 2. 



GHAITER III 


STAHIiIKE lUEGIIOirs OP ORDER a AHD 2TPE g - II 


3.1 In this chapter, w first deternihe the radii of convexity for 
starlike fanotlons of orter a(o i c < ,) and type 6(o < B < i ) 33 

in Chapter II. ihis deteraiination gives a unified approach 
to obtain the radii of convexity for the different subclasses of 
starlike functions that have been obtained earlier by Schlia IH) , 
zaorovld [84] , Singh and Coel -[78] , MacSregor [«] , Ham alngh [«.69), 
ladmanabhan , Eenigenburg (13] , McCarty etc. We then 
determine the radii of convexity for the class S«(„,b) of 'analytic 

functions Whose power series begins f(z) = z + z^‘^^+ 

and which are starlike of order a and type b . aese re^ts in 

particular, lead to some new results regarding radii of convexity fcr 
the Cleeses introduced by Hobertson , MacSregor [4g , Ham Singh 
[68 , 69J, ladmaaabhan [61^] , Wright (83] and Eenigenburg [^] . 

Etnally, we obtain the radii of starllkeness for the class l/‘(d,B) of 

flinci/ions of foim 

( 3 . 1 . 1 ) = 1/2 (zf(z))’ 

where t e S*(a,g). Ihe results thus obtainei, besides yieldiog 

a few new results, also include the results obtained by Livingston- 

[39 ] , Libera and liringston , Sin^ and Goel [78] , [2 ] 

and others. 
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3.2 I«t B denote the olaae of funotlone » anoljtio in j which 
eetlefy(i) „(o) = o and (li) |„(w)|<i fon owi. We 
first prove a few lemmas. 


lenma 3.2 ^ [78]: If „ , g , then for all 


z £ A 


( 3 . 2 . 1 ) \zui'(z) - hi(z)l ;< 


z I -|a)(z) [' 


lemma 3.2.2; let 


m e 6 • Ibea we have 


/, t z^a)'(z) + (k-1 )z^’'^u(z) 

(3.2.2) Re {— — k t 

(ltez*'-'w(o))(lH/-V{t)) -■ Is-tf 


r^''|sp(z)-t|^-|1-p(w)|^ 

,2'k-i/. 2. 


(3,2.3) Re {■ 


z^a)’(z) + (k-l)z^~’'m(z) 


(s-t)V^(l-r2)|p(z)j 




ilK V> ■ ' 

r jsp(z)-t| -(l-p(z))‘ 

(s-t)V“^(l-r^)(p(z)| 

pM - (l+t^‘"'''»(2))/(l+sz‘'-'„(z)), |al= r, -1 < t < S < 1 

^ ^ 1 is 3> fixgd po si 'tive integer * 

^op Sipce p(z) = (lftz^“‘'a)(z))/(l+sz^"''a,(z)), we have 

l-p(z) 


(3.2,4) m(z) = 


z^ '*(sp(z)-t) 


Simple calculations give 
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(3.2.5) 


(sp(z)-t)" 

( 1 +SZ^ ^to(z))(l+tz^ ^ 0 ){z)) (s-t)%(z' 


( 3 . 2 . 6 ) 


kz^ ^cu(z) 


(l+sz“ a)(z))(l+tz a)(z)) (s-t) 


- — r- {sp(z) +-7 


p(z) 


Therefore Leama 3.2.1, equations (3.2.4) and (3.2.5) give 


j'(z) + (k-l )z^~^aj(z) 


1 ^“1 I \ 

kz utzj 


(l+sz^ ^tj(z))(l+tz^ ^(o(z)) (l+sz^ ^cj)(z))(l+tz^ ^a)(z)) 


r^ fsp(z)-t| ^- 1 1 -p(z)! ^ 
(s-t)^ r^ ^(l-r^)|p(z)| 


z\)’(z) + (k -1 )z^ ^w(z) 


1 ( \ 

kz cjU; 


( 3 . 2 . 7 ) Re { r-f- r3j } < Re { -r^r 

(l+sz to(z))(l+tz a)(z)) (l+sz (jo(z))(l+tz to(z)) 


r^l 9p(z)-t| ^-| 1-p(z)l ^ 
(s-t)^ r^ ^(l-r^)| p(z)l 


Hence (3.2.2) follows inmediately from ( 3 . 2 , 6 ) and (3.2.7). 

( 3 . 2 . 3 ) can be proved in a similar manner. 

Remaik 3.2.1 ; Bie transformation p(z) = (l+tz^ ^tu(z))/(l+sz^ ^“(z)) 
maps the circle la)(z) | < r onto the circle 


1-st r^ (s-t) r^ 

p(z) - -- 2 2k — ~ 2 2k 

1-s r 1-s r 
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Lemma 5*2»3 s Let p(z) = (l+tz^ *'& 5 ( 2 ))/(l+sz^ ^a)(z)) where ca £ B 5 
A = (l-str )/(l-s r )? D = (s-t) r /(l-s r ), then for \z\ = r, 

0 < r < 1 , we hare 




r^|sp(z)-t|^“|1“p(a)|^ 


r (l-r )|p( 2 ;)| 


( 3 ^. 8 ) 


3j-^-y-[ / ( qr’^”'' ( 1 -r^ )+l -s^r^ ) ( 1 +tkr^"^ ( 1-r^ )-t^r^ 


r ( 1 -r ) 


2k > 


-(l-str )] if Rq^E-jj 
( q+tk) + 2t(q+sk)r^ + (qt+s"^k)tr‘^ 


(l+sr^)(l+tr^) 


if 


vdaere 


^ k-1 k+1 ^2 2k 

1+tkr -tkr -t r 


E 


k— 1 2 

qr (l-r ) + 1-s r 


2 2k ’ 


= A-D = 


1+tr 


1+sr 


,q > s, 


-1 < t < s < 1 


and k is a fixed positive integer . 

2 2 2 

Proof : let p(z) = A+5+in and E =(A+5) +n -.vSith |z| = r. If we 

denote the left hand side of (3*2.8) by u(5,^)j then 

, . 2 2k 

( 3 . 2 . 9 ) U(5,n) = q(A+?) + tk(A+5) E (p^- 5^- n^) E ^ 

r “ (l-r ) 

and 

(3.2.1G) ^ ?(c,n) 

3ri 


vihere 
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7( 5, n) = -2tk(A+C)+ 


^ 2 2k 

1-s r 


(D -S -n ) R+2 


, 2 2k 

1-s r 


R 


5^ -2tk(A+C)+2 


, 2 2k 

1-s r 


■ 2 2k 

1-s r 


2,® 12(A+5)f-tlc + ^ ® * 


/ . C\ 

r (1-r ) 


r '(i-r") 


d 2 2k , k.2, Av 

r (1+tr ) (l-sr ) 

^ 2(ii+5){-tk ~ (A-d) }= 2(a+ 5) {-tifc+-j— -z rr> 


2(A+C) 


k-1, " 2x, ~ F Vtkr^'^''+ 2tr^+t^r^)-^(-1-2t/ 

r ‘(l-r )(l+sr ) 

k-1 k+1 ^2 2k V, 

-tkr +tkr -t r )] 

2(a+5) 

T^Tf 27r F: (say)- 

r (1-r )(l+sr ) 




Since J(s,t) decreases with s, it follows that 


J(sjt) ^ (l-r^)(l+tr^)^-tkr^ ^(l-r^)(l+r^) 


1 2v 

kr (1-r } 


1+r 


{(l+tr^ )^-t(l4x^ )^} 


Hence 


kr^ '*(l-r^)(l-t)(l-tr^) 


> 0. 


1+r 


v(5,Ti) > 0 


and so, by (3.2.10), 
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•^ = 0 if, and on]jr if, n = 0. 

Kierefore, liie minimum of U(5 ,ti) on every chord 5 = constant is 

reached when n = 0 and thus the minimum of U(C,n) in the circle 
2 2 2 .. 

C ■*■'1 ^ is attained on the diameter n = 0. On putting n = 0 

in (3.2.9), we obtain 


, 2 2k 

1-s r 


(3.2.11) i(r) = U(5, 0) = (q +-j-- — )e + 


, k-1 k+1 2 2k 

1+tkr -tkr -t r 


h~1 / 2 \ 

r Cl-r } 


- 21 


r (1-r ) 

■ 2 2k 

1-s r 

k-1 , 2s 

r (1-r ) 


R 


-1 


wheace E = 1+^ e [l-R, A+R] . It is easily seen that the absolute 
minimum of i(r) in (o,“) is attained at 


1+tkr^"^-tkr^'^’'-t^r^ -1/2 

(3.2.12) R^ = ( — - 2s k-1 2 2k ^ 

q(1-r ;r +1-s r 


and the v^fLue of this minimum is 


(3.2.13) I(Rq) = — 


(l-r^) 


r,f k-1/ 2 s 2 2 kw ^ k-1/ 2 s' 2 2 k. 

[v (qr (l-r )+1 -b r )(l+tkr (l-r )-t r ) 


-(l-str^)] . 


It is ea^ to check that E^ < A+R, but is not always greater 

than A-R. In such a case when E 4 [A-R, A+R] , the minimum of 

. o 

l(r) on the segment [a-R, a-hR] is attained at R.j= A-© since 
l(e) increases with R on this segment. Ihe value of this minimi 



equals 
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(3.2.14) 


l(r^ ) = i(a-d) = 


( q+tk )+2t( q+sk )r^+( qt+s\ )tr^ 
( 1 +sr^ ) ( 1 +tr^ ) 


Moreover = Ii(e^) for those values of q,k,s and t for 

which R = R^. Hence the lemina. 
o 1 


3.3 ffae radii of convexity for functions in S*(a,g). 

Iheorem 3.3 . 1 : Let f e S*(a^3) and let a^(=0.335 approx) be the 
smallest positive root of the biquadratic equation 

20 a^-52 a^+ 15 a^+ 12a -4 = 0. 


Ror a aiven 3(0<3^l) let a^Cs) he the smallest positive root , 
lying in the interval ((3-6)/6» (’S'*3>$)/ 5), of the 5th degree equation 


Q(a, 3) = 20 sV -4(17+6)3^ /+(35+526)BV-(2-3e+43^) Sa^ - 

(1+83 + 73^) a+ (l+6)^ = 0. 

lUrther, let = {(a,6): 0 £ a < 1, 0 < 3 £ 1 }, A^= {(a,3):0 £ a < aj^,0<3£l}, 
= ((“,(5): 1“ 1 “q(P)> 0 < 3 £1} , A^=Y^-(i^lJ A^). iBien 

(i) f is convex in |z;j f®^ (o»S) e A^^Ja^ and 

(ii) f is convex in 1 z | < Tgj for (a, 3 ) e _^are 


r^= [(l+B-3a3) + /3(l-«)(2+3-5a3 ) ]"^ 

^ 5a -1 ^1/2 


r„ = 




2 2 . 
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Proof; Since f e S*(a,e), we have by (2.2.7) 

f'(z) 1 + (2aB~1 )z(})(z) 

(3.3.1) z = 

f(z) 1 + (2B-1) z,j,(z) 

vrfiere tfi e A for all z e & . Writing z^(z) = ci)(z) vihere oi e B t 
we get 

f’(z) 1 + (2aB-l) u}{z) 

(3*3.2) z = . 

f(z) 1 + (2^-1 ) w(z) 


Differentiating (3.3.2) logarithmically, we have 


(3.3.3) 1..+Z 


f"(z) 1+(2a6-l )m(z) 


2e(l-oi) {- 


Zm 


(z) 




f'(z) 1+(28-l) (o(z) (l+(2aB-l)m(z))(l+(2g-l)m(z)) 

Applying (3.2.2) with k = 1, s = 28-1, t = 2ae-1 to (3.3. 3)5 we get 


f"(z) 

( 3 . 3 . 4 ) Re {1+z } _> 


[Re {(2e(2-a)-l)p(z) + 


2a6-i 


•} 


f '(z) 26(l-a) p(z) 

r2|(2B-l)p(^)-(2oS-l)f-llT,(^)f 


(l-r )1 p(z)1 
8(l+a)-i 

8 (1-«) 

where p(z) = (l+(2o8-1 )‘Xz))/(l+(28-1 )t^z)). 

An application of lemma 3.2.3 wilh k = 1, q = 28(2 -<^)-1; 
s = 28-1, t = 2a8-1 to (3.3.4) gives 


-] 





n. T. -K/mje 



4 7 1 - 1 .4, - ■ - :p, - 

^ Mi. 

.-'^S 1%.^: - 1 ;v’{ <1 . > ■ 

* ’ 
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( 3 . 3 . 5 ) He{l+z|^} > 

t\z) - 


~ 4 aB^(l-( 2 ae -1 )r^)(( 2 -a)-( 2 B-a)r^) 

6 (l-a)(l-r^) 

- (l+(l- 2 aB)( 28 -l)/)+(l- 6 -ae)(l-r^) ] 


2 2 

1 - 2 ( 1 + 6 - 3 aB)r+( 1 - 2 aB) r 
(l+( 2 B -1 )r)(l+( 2 aB-l)r) 


if Eq -®1’ 


if So 


wnere 


R^ = 
0 


a(l-( 2 a 3 - 1 )r ) 


[( 2 -a)-( 23 -o)r ] 


2 , » Si - 


1 +{ 2 a 6 -l)r 
1 +( 2 g- 1 )r 


^ (3 * 3 . 5 ) the bound r* of convexity for the functions of the class 
S*(a,B) is determined either from the equation 


(3.3.6) (l- 2 aB)V -2 (l 4 -e- 3 aB)r +1 = 0 , 


or from the equation 

/ ^ 2 (l+(l-2a2)(26-l)r^) + 

( 3 . 3 . 7 ) 23 /a(l-(2a6-1 )r )((2-<x)-‘(23-a)r ) 


Equation ( 3 . 3 .?) reduces to 


(l- 3 -a 3 )(l-r^) = 0 . 


(3.3.8) ( 86 a )r^- 2 ( 43 a^-a +1 )r^+ ( 5 a- 1 ) = 0 . 

Also the minima given by ( 3 . 3 * 5 ) becoae equal to each oiiier for 
those (a, 3) e ¥| for which 

(3.3.9) S^= E^. 

Erom (3.3.6) and (3.3.8), we obtain , . 
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(3.3.10) r' = = [(l4e-3a6) + /6(l-a)(2+e-5aB) 

and 


(3.3.11) r' = r. = [ il /2 

— 2 . 2 '**" " ' " j • 

(l-a+4ea ) + 4a/(l+e-3aB+a^6^) 

obtain the points (a,e) e which detennine the transition from 

formula ( 3 . 3 . IO) to formula ( 3 . 3 . II) we eliminate r from ( 3 . 3 . 6 ) and 
( 3 . 3 . 9 ) and get 

(3.3.12) Q(a,8) = 20B'^a^-4(l7+6)g^a'^+(35+32e)3^a^-(2-3e44e^)ea^ 

“( 1 + 83 + 7 g^)a + (i + b)^- 0 . 

for a given 3(0 < 8 < l), let c^(b) be the smallest positive root 
of the equation ( 3 . 3 . 12). It is ea^ to check that a^(3) lies in 
the interval ((3“3)/6, (5-3iBy5;);, 


3 - 1r = “^(=0.335 approx) is the smallest positive 

root, lying in the interval (1/3, 2/5) of the biquadratic equation 

20a''’- 52a^+ I5a^+ 12a-4 = 0 
and a= 1 as 3 tends to zero. 


let 0 denote the arc of the curve Q(a,B) = 0 lying in liie 
region X = {(a,B): < a < 1, 0 < 3 ^ 1 } Cl i.e. passing thi^u^ 

the points (a^>l) and (l,0). Olie curve G divides the region 
into two subregions Y = and where A^={(a,B): 0 < a < Oj, 

0 < 3 < 1} , A^= {(a, 3): a^;la < ajs),\0 < 3 1 1 } and ^=7^"-(A^|jA2 ). 

Ihe curve CJ also gives ^ tr^^tib© (3.3.10) 
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to formula (3«3»1l). It is obvious that G has a void intersection 
with so that in we have to use either formula (3.3. 10 ) or 

formula (3»3*1l). Bit it is easily seen lhat it is impossible to use 
formula (3.3*1l) for all (a,B) lying in Y' = {(a,B):0 ^ a < l/5, 

0 < B ^ formula (3 *3 *10) must be used for (a,6) lying 

in A^« Now we consider the points (a,B) lying in the region 
^ ~ ■^2^ H * Since formula (3.3.10) cannot be used for points (a, 6) 
lying in W = {(ajB): aQ(8) <_ a < 1, 1/2 ^ B 1» a^(e) = (2 +b)/ 5B}C4^ 
it therefore follows that for (ojB) e we have to use formula 

( 3 . 3 . 11 ) while formula (3*3 .10) is to be used for (oyB) e V j * 

This proves (i) and (ii). 
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The function f given by 

f'(z) 1-(2ae-l)z 

(5.3.13) z— 

f(z) 1-(23-l)z 


shoTAS that f is not con-vex in acy circle j z| < r if r > in 
estimate (i) since 

f"(z) 1 + 2 (l+ 3 - 3 aS)z + ( 2 a 8 -l)V 

l+Z = — — = 0 

f'(z) (l-(23-l)z)(l-(2ae-1 )z) 

for z = -r^ . To see that Ihe estimate (ii) is sharp, consider 
the function f given by 

f’(z) 1-2a3bz + (2a6-l)z^ 

(3.3.14) z ^ 

f(z) 1-26 bz + (2S-l)z 

where b is determined by the relation 

1-2a6br + (2aB-l) r^ a(l-(2aB-l)r ) . /^ 

(3.1.15) = Rq = ^ 2 

1-2gbr + (20-1) r (2-a)-(26-a) r 

Differentiating (3.3.14) logarithmically, we have 

f"( z) I l+26( 1-3a)br+(4a^B^b^-2-4 6-t4a3)r^+(23+2aB-8a^ 6^)br^ +(2aB-1 )^r^ 

14-2; — — ^ ^ ^ ^ ^ '' 2 ' '' ^ 

f'(z) |z=f (l- 28br + (2e-l)r )( 1-2aBhr + (2a8-1 )r ) 

’ 2 2 a8(l-(2a6-l)r^) 

= — _J ^ [(2-a)0-(2S -a8)r )Ro + - 

6(l-<»){l-r ) ° 

(l+(lT 2 t<e)(? 6 -l)r^) + (1-6-ae) Cl-r^)] 
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+ (l-B-ae) (l-/)] 


= 0 

for r = r^. Hence the function f in estimate (ii) is, therefore, 
not convex in any circle lz| < r if r > rg* 'ISiis completes the 
proof of the Daeorem. 

Corollary 3«3«1a [ 74 ,78,84]: Iist f e S* and let a^(=0.335 approx) be 
the smallest positive root , lying in the interval (l/3, 2/5) of the 
b iquadratic equation 


20a^-52a^+ 15a^+ 12a-4 = 0. 

Ihen 

(i) for 0 £ a _< , f is convex in 

jz| < [(2-3 a) + /(l-a)(3-5a)]"^ , 

(ii) for ct|£ g < If is convex in 



5a-l 


( l - a^4 cx ) + 4< 




fhe estimates for \z\ in (i) (ii) are both sharp fof the functions 
given by (3«3»13) (3«3»14) ^th 3=1. 
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ia 1:h6 field by using differenl; techniques. It also gives results 
due to Schild [73] , Mac Gregor [^] etc. for a = l/2. b 

Corollaiy 5.5.1b [ 61] : let f e S*(y), 0 < y 1. 1 . Then 

(i) f maps |z] < (2-“>6 )/y onto a convex domain if 

(2/3"- 3) < Y £1, 

(ii) f maps 

jzl < [Hi-Y+ Y^) + (1-y) 6y+1 )}/ (!Y-2Y^)]''/^ 

onto a convex domain if 

0 < Y 1 (21^-3). 

Ihe bounds for |z||(i) and (ii) are sharp . 

Ihis result is obtained by replacing a by (1 -Y)/(i+y) and g 
by (hY)/ 2 in Hieorem 3.3. 1« Kie above result was obtained by 
Padmanebhan [^ by using a different technique. 

Also, replacing a by 1-a and $ by l/2 in !Iheor«a 3.3.1 , 
we get the following result due to Eenigenburg [ 13] * 

Corollaiy 3.3.1c ; let f e 5*(a) and let {(3-^5) + 2»^(7-3 »^V2 *5" 
^ 0.589 . Then 

(i) for £ f is convex in 
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0 < 0 . ^ a^f t is convex i n 

|z| < [{-(2a^-3a+2) + 2 ( 1 -a )v(a^+4a+1 ) }/( 5 a- 4 a^ ) . 

me hov^ s^ I^I in (i) ^ (ii) are sharp 

j2,£2lW3.5.1d [5|]: ^ f e S*(i-a) and let a^=i-(i 4 / 6 ’) (3/^-5 )/lO 
0.411. . . . men 

.£ 2 £ ® ® 1 . <^Q> ^ is convex in 

|z| < (3-vS')/2(l-a), 

(ii) ior cIq ot < 1 » f is convex in 

|z| < [{(- 2 a^+a-i ) + 2 a /(6^^^6lKi^}/(l+3a-4a^)]"''^^ . 

me bounds for jz| in (i) and (ii) are sharp . 


me above result is obtained by taking g = l /2 in meorem 3 . 3.1 
or by replacing a by l^a in Gorollajy 3.3.1c. 

Putting (a, 6 ) = (O, ( 26-1 )/ 26 ) and (a, 8 ) = (0,l/2) in Baeorem 3«3 • 1 j 
we get respectively the follovang remits obtained by Eam Si ngh [6§,69] 
and Sin^ and Goel [78] . 


Gorollaiy 3.3. 1e ; Each function f(z) in S (d) maps 

Ul < [{( 46 - 1 ) + /( 26 - 1 ) (66-i)}/a5r'^ onto a convex domain. me 


result is sharp . 


Corollary 3.3.1ft : ; fzj < (3-v^)/2 onto 
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“I* SubBtracting y from both sides of the equation (3 *3 -5) 
and proceeding on the similar lines as in the above theoraii> we may 
get radii of uiouwBxxitjUJBtii convexity of order Y for functions in 
The result so obtained generalizes the corresponding result for the 
class 5* recently obtained by Bajpai (3] . 

We now obtain the radii of convexity for functions belonging 
to the class S*(c‘, B). 

Theorem 3»3«2 : Let f e S^(a,6) and let r|(a, g, k) be the smallest 
positive root of the equation 

{(l-2a6)(2B(k-a)^+1 )r^-2(l-2ae)r^+(k+1 ) } (l-r^) 

-2r(l+(2e-l)r^)(l- (l-2aB)r^) = 0. 

Then 

(i) for 0 < r ^r' (a, B,k), f is convex in 

|z| < H [(l- 2 aB-+k(l-a)B) + /Bk(- 1 1-aj+2( i-2 a bJ) 

(ii) for r'(a, B, k) ^r < 1, f is convex in 

!z| < r^, 

where r^ is the smallest positive root of the equation 

2(l-2aB)^r^(l-r^)’*(k&(l-a)+2(l-2aB))r^'^^+2(B(l-a)(2-k:^)-2k(l-2a6)) 

(6(l-a)k + 2(l-2aB))r^ 2r^-2 = 0. 

The bounds Iz | in (i) ai^ (|i) 
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^122^ * Since f e Sj^(a,6), we have by (2.2.5) 
f’(z) 1+(2a6-l)z%(z) 


(3.3. 16) z 


f(z) 1+(23 -i)z^^(z) 


where 4) e A for all z e A . Writing z^(z) = aj(z) where u e B , 
we get 

, , f'(z) 1+(2aB-1 )z^"''a)(z) 

(3.3.17) z . 

f(z) 1+(2e-l)z^“^w(z) 

Differentiating (3.3.1?) logarithmically, we have 
f"(z) 1+(2ae-l)z^“'’to(z) 


(3.3.18) 1+z 


f'(z) 1+(23-l)z^~‘‘a)(z) 


z*'w’(z) + (k-l) z^ ^w(z) 


26 (1 -a) {- 


( 1 +( 26-1 ) m( z ) ) ( 1 +( 2 06-1 ) z^"'' td( z ) ) 
Applying (3.2.2) with s = 26-1, t = 2a6-1 to (3.3.18), we obtain 


}. 


f''(z) 

(3.3.19) Re {1+z }> 


f'(z) 26(l-a) 


■j (2a6-l)k 

[Re {((26-l)k+26(l-a))p(z) + — } 


p(z) 


r 1(26-1 )p(z)-(2a6-1 ) ] -ll-p(z) | k(l-6-a6) 

- — ] + 


where p(z) = (l+(2a6“l)z u(z))/(l+(26-1 )z to(z)). 


6(l-a) 


An application of Lemma 3.2.3 with q = (26-1 )k'+26(l-a), s=28-1, 
t = 2a8-1 to (3.3.19) gives 
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(3.3.20) Se 



-(l+(2B-l)(l-2a6)r^ 

B(l-oi)r (l-r ) 

+ kr^ (l-r^)(l-B-ag)3 

if 

k 2 2k. 

1-2((l-.2aB )46k(l-a ))r +( 1-2a3) r 


(l+(2e-l)r*‘)(l+(2»e-l)r‘")‘ 




®o 1 


vrfiere M staMs for 


(3 .3 .20 ; a)M - {((23-1 )k4-23 ( 1- a) )r^-’^( 1-r^)+1-(23-1 )^r^}{l4k:(2aB^1 ( 1-r^) 

-(l-2a3)^r^} 

and 

1-tk(2a3'-l) r^~^(l.^r^)-(l-2a3)^r^^ .. 1+(2a3*-l )r^ 

- - I - ■ ' - - -- ■ , - ^ 

° ((2B-l)k+23(l-a))r^'‘‘'(l-r^)+1-(26-T)^r^ ’ ^ 1+(23-l)r^ 

Ri^t hand sides of both the inequalities in (3.3.20) become equal to each 
other for those values of a, 3 and k for which 

(3.3.21) " Pi- 

lule eqiiation (3 .3.21 ) on simplification yields 


(3.3.22) {(l-2a3)(2 3(k-a)-k+1 )r^-2(l-2a3)r^+(k+l ) } (l-r^) 

-2r( 1+(2 3-1 )/ )( 1-( 1-2a3)r^ ) = 0. 
Let r’(“>®>k) be the smallest poative root of the equation (3.3.22). 
Ihen (3.3.20) is equivalent to 



62 


(3.3.23) Ee{l+z 


where M is given by (3-3.20;a). 

Thus we see that the radii of convexi-ty r^ and for functions 

in S*(a,6) are respectively given by the smallest positive root of the 
equations 

(3.3.24) 1-2((l-2a3) + ek(l-a))r^ + (l-2a6)^r^= 0 

if 0 < r X r’ (a, 3» k), 

(3.3.25) -(l+(2&-l)(l-2ae)r^) + i_r^)(-[-e-a6) = 0 

if r' (a,3,k) < r <1 

where M is given by (3. 3. 20; a). 

The equation (3 .3.25) may be reduced to 


6(l--a)r^''^( 1-r^) 



[»¥-(i+( 2B-1) (l-2a6) r^) 

+ kr^ ^(l-r^)(l-e-aB)] 

if r*(a,6,k) r < 1, 


1-2((l-2a6) + 6k(l-a))r^ + (l-2a3)' 
(l+(2B-l)r^)(l+(2a3-l)r^) 


if 0 < r < r'(a,3,k) 


(3.3.26) 2(l-2a6)^r^(l-r^)-+k(e(l-a)k+2(l-2a3))r^'^^+2(e(l-a)(2-k^) - 

2k(l-2q3))r^^^+k(6(l-a)k+2(l-T2a3))r^”^+2r^-2 = 0 if 


r’( a, 3»k) < r < 1. 


It is easi]y seen that the smallest positive root of the equation 



(3.3.24) is given by^ 

(3.3 .27 ) r =[( 1-2af^Cl-^)i,4/“S 
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if ® ^ ^ Hiis proves (i) and (ii). 


junctions given 

by 

(3.3.27) 

f'(^) 

1-(2a3-l)z^ 

f(z) 

1-(26-l) z^ 

and 



(3.3.28) 

f'(z) 

1-( 1+(2a3-1 )z^ ^)bz + (2a3-l)z^^^ 

f(z) 

l-(l+(23-l) z^"^)bz + (2e-l)z^'^'' 

where b 

is determined by the relation 


1-(l+(2aB-l) ^ )br + (2aB-1 )r^''’"' / 1 +(2 aB-1 )kr^~^ ( 1-r^ )-(2 uB-l \ 

1-(l+(26‘-l)r^"’"' )br + (2B-l) V 1+((2B-1 )k+2 3(l-a))?~\l-r^'-<2&-l)^r^| 

f 

I 

= 1^0 I 

•show that the results obtained in (i) and (ii) are sharp. [ 

Corollary 3.3.2a : Let f e •S.*(y) ,and let Y^={(k+1 )-/i'k.+^ 

! 

!I!hen I 

— — [ 

(i) ■ for Yq £ Y £l.f is convex in j 

\z\ < = [Y{(jfc+1) , 

■ ■■ ^ ■ ■ ' ' ■ 

(ii) for 0 < Y £ f is..c:ony.'^..ih 

!z| < Tg, 

vfaere is the of the equ at Inn 
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2Y2r^(l-r2)4-Yk(2-tk)r^+5+2Y(2-k(2+k))r^^V Yk(24k)r^"V 2r^-2 = 0. 

fey |z| (i) and (li) are both sharp . 

result follows by replacing a by (i-y)/(i+y) and B by 
(l+''^)/2 in equation (3*3 •20) and proceeding on the similar lines as in 
Hieoraa 3.3.1. The sharpness is given by (3.3.27) and (3.3.28) with 
(1“7)/(1+Y) and 6= (l+1r)/2. 

Putting 6 = 1, in Theorem 3.3.2, we deduce the following result 

for the functions in S* , . 

a,k 

Corollary 3.3.2b ; ^et f e S* ,, and let r'(ci,k) be the smallest positive 

" ' " — ■I -- i - ii ■ ■ ■■ 

root of the equatio n 

{ ( 1-20 )(2(k-a)-k+1 )r^-2( 1-20 )r^+(k+1 )>( 1-r^ )-2r( 1+r^ )( 1-( 1-20 )/ ) = o. 
Then 

(i) for 0 < rfir'(o, k), f is convex jn 

Izj < r^ = [(l-2a4k(l-a)) +4;(l-a)(k(l-a)+2(l-2a))r^'^ , 

(ii) for r'(oji*^) i It ^ is convex in 

N i < '^2’ 

vj^ere r2 is the smallest positive root of the equation 

2( 1-2a)^r^( 1-r^ )+h(h( l-a)+2( 1-2d))r^'*'^+2( ( 1-a)(2-k^)-2k( 1-20) )r^'''"' 

•*((l-a)k*2(l^##})lF^*'"#2r^-2 = 0. 
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^.bounds for [z | in (l) and (ii) are sharp . . 

Star 6= 1/2, in 33aeorem 3.3-.2 we get the following result f(x the 
functions in S*(i_a). 

Corolliay 3.3.2o , ^ f e SJ(i^) ana let r„{»,k) be the smallest 

positive root of the equation 

{(l-a)^r^>2(l-a)r^ + (t+l)}(l-r^)-2r(l-(l-a)r^) = 0. 

[Chen 

(i) .£££ ^ f is conyex in 

|z| < r^ = [l/2(l-a){(2-+k) + A(44lc)}3~''/^ , 

(ii) for r^(a»k) _< r < 1, f is convex in 

bl < r^, 

•where r^ is liie anallest positive root of the equation 

4(l-a)^r^(l-r^)+k(te:+4)(l-c()i^’^^+2(l-a) (2-4fc-k^) r^"^^ + 

k(4-*)(l-a)r^“V 4r^-4 - 0. 

[Che bounds for |zj iu (i) and (ii) are sharp > 

Remark 5.5.2 ; (a) Replacing a by 1^-aand B by 1/2 in [Sieoreni 3.5,2, 
we get the corresponding result for functions in S*(a). 

(b) (a,B) = (0,(26-l)/26) and (a,B) = (f, 1/2) in Oheorem 3.3.2 leads 
respectively to the corresppodijaig..®^i^ts for functions in -SijCs) and 
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gtarlikenes s for functions in 

Livingston [^] p^^ed that if f e S* , then l/2(sf(z))' belongs 
to S* for |zl < 1/2. Sin^ and Goel [ 78 ], Libera and Livingston 
[ 37 ] , Bajpai and Singh [ 4 ] , il-Aniri [2.] etc. extended this 

result to the case of functions of the class . m th® section, 
we detemine the exact bounds for the radii of starlikeness for the 
functions of the fom ( 3 . 1.1 ) v^ere f e 5*(a,s). ihr different 
values of the parameters «, S (O < a < 1 , o < B < 1 ), our results in 
this section yield the corresponding results for the classes 1 '*(y), 

*^a ’ ^ (a)»['*(l-a), P(6) and (/* of functions of the form (3.1.1 ) 

wbere f belongs respectively to the caassesS*(Y ), S* , S'*(a), S*(l-a), 
S(6) and S* . Dius we have the following result; 


3.4.1; Let pf e(/*(a,B) and let a^= 1/^. ibr a given 
6(0 < 3 £ l) let a^(3) be the smallest positive root , lying in the 
interval ((4— 3 b)/20> (5^2b)/ 15) , of the 4th degree ecpation 
Q(a,B) = 43^a'^-.8(2-B )3^a^+ B (46^-163 -*6 )a^+ (88+3 )a + 1=0. 


JUr;^, let 7^= {(a, 3): 0<.a<i, 0<3£l}, B^={(a,3); 0 ;< cKaQ(6), 
0 < 3 < 1}, B2=={(a,3 ): a^(3 ) < a < 0 < 3 ^ t), B 5 =V^-(B^y B^). 

Hien 


(i) B is starlike in [z] < r^, for (a,B) e and 

(ii) B is starlllce in |z| < r^t Jor (a,3) e B^yB^ 

r = { (l-2a3>;+ 

I 'V'" '"I ^ 'fr;'-*/; • / *' ; ' ' ^ V . ' 

I f VI- 4 vt ' l ’ 

' ,7 \ - • '/'IS . 


where 



a6(l+a) +/ (2a+(2-4ef6^)a^-2e(2-B)a^+B^a'^) 



The bounds for | z| in 


r+(a6+B-l)(2aB-l) 

)r) 


whereto e B •Differentiating (3.1*1 ) and using (3*4. l), we obtain 

. , ^”(2) 1+(2a3-1 ) (o(z) zw'(z) 

(3*4.2) z = — - (l-a)3 {• — 

P(z) 1+(23-1 ) (o(z) (l+(28-1 )(o(z)Xl+(a6+B-l)tofz}) 

Applying (3*2.2) with k = 1, s = 23-1, t =aB+6-1 to (3*4.2), we get 

S'* ( z ) 

(3*4.3) Ee {z } ^ — [He {(46-1-2a6)p(z) + } 

S’ (z) e(l-a) p(2) 

r I (26-1 )p(z)-(a6+B-1 ) ( -ll-p(z)j 2(26-1 ) 

/ 2v , I v| ^ eCl-a) 

(l-r ) |p(z)! 

where p(z) = (l+^6 +B“1 ) “(z))/(l+(26-1 ) w(z))* 

An application of lemma 3*2*3 with k = 1, q = 46-1-2aB * s = 26-1, 
t =aB +B-1 to (3*4.3) gives 


(3.4*4) Refe |^^)> 


’ (l + oi) [(2--a)-“(23-a)r ] )r^ J 

6(l-a)(l-3r) 

r , - (l-(28-l)(aB+B-l)r^)-(2B-l)(l-r^)] 


Since f eS*(a,B), we have by (3.3.2) 

f'(z) 1 + (2aB-l) (o(z) 

2 - 

f(z) 1 + (2B-l)(o(z) 


Proof; 


(3.4.1) 


if < E, 





where 



Jlgure 3 shows the t ransition 


BUnctiona gxvBXi by 
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and 



(3.4.6) 

f'(z) 1-2a6bj 

3 + (2a6-1 ) z 


f(z) 1-2gbz 

+ (2B--1 )z 

where b 

is determined by the 

relation 


1 - 

show that the results obtained in (i) and (ii) are shaip. 

Replacing a by (i-y)/(i+y) and g by (i+y)/2 in Theorem 3 .4. 1, 
we deduce the following result; 

Corollary 3.4.1a ; If P e 1 /*(y ) , 0 < y ;! 1 > then 

( i ) P maps [z I < 1/2Y onto a starlihe domain if 

( l V5^/4 £ Y 1 > 

(ii) P maps 


8(l+a)br + (a6+6-l)r^ 
1-2Bbr + (2g-1 )r^ 



T" — 2— 

gC 1 +Qi) (.1 r(aB +6-1 )r ) 


(46r1-2a6 )( 1-r^)+1-(2g-1 fx 


.2 2 


= R- 


2(1-y) 


]l/2 


| 2 |<[- ___ 

(1-Y)+/(i-Y)(143YJ 

onto a starlike domain if ■ 

0 < Y 1 (l-+^5')/4 . 

!]]he boimds for jz] in (i) and (ii) are sharp. 

Corollary 3.4. Ib t Lei f e ' Mt (*?■} siA ' 0.855. r^approx> be the 


smallest positive root 

' — ^ ^ ^ ^ ^ ^ ^ " ^ 
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Then 


'i) for i. a 1 1» F is starlike in 


< r^ = {2-/2)/ a , 


( ii ) for 0 Cl cXq j f is starlike in 


|z| < = [ 


4(l-a) 

( 1~oi )(2“0t )+ y^( 1 — o )(4+8oi~3ci~”Ct^) 


me bounds for |z| in (i) and (ii) are sharo . 

Hais result is obtained by replacing a by -l-a and 3 by l/2 in 
Theorem 3 .4»1. 

Also, for 0 = 1/2 in Theorem 3.4.1, we deduce the following: 

Oorollaiy 3.4.1c : Let P e and let a^(= Oi 145. . .approx) 

be the smallest positive root of the equation 


432 

a _ 6cr- a + 14a -2 = 0. 


(i) for 0 <. a _< a^, I is starlike in 


zj < r^ = (2-^)/2(l-a) 


(ii ) for ^ is starlike in 


I 1 < = f 5” ]l/2 

2 . a(t+a)+ Va{ 8+0-6 a^+c^ ) 


The bounds for |g| .ip 
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Corollaiy 3«4.1e : Each function E e t/* maps jz| (2-/^) onto a 
starlike regioa . The result is sharp . 

Remaik 3 «4-. 1 s (a) Putting 6 = 1 in Theorem 3.4.1 , we get the corresponding 
result for functions in I'a obtained by Sin^ and Gtoel [ 78] . 

(b) (“>B) = (0>l) ill Hieorem 3.4.1 leads to the corresponding result 
due to Livingston [^] . 

(c) Subtracting Y from both sides of equation (3.4.4) and proceeding 
on the similar lines as in Theorem 3*3* 1» we get radii of starlikeness 
of order 7(o ^Y < l) for functions of the form (3.1.l) vdiere 

f e S*(a,8). results so obtained will generalize the corresponding 

results obtained separately by Libera and Livingston [57 ] j Bajpai and 
Sin^ 1 and il-Aaiid [2] . 



CHAPTEOa 17 


ON A CLASS OP UNIVALENT UNCTIONS KiOSE DERIVATIVES 
HAVE A POSITIVE REAL PART 

4.1 Let f be analytic in a convex domain E. If f satisfies 
tile condition 

(4.1.1) Re (f’(z)) > 0 

for all z e A , then it is well known (see [ 57 ] , [ 8 ^ and others) 
that f is univalent in E. MacGregor [ 41 ] investigated the proper- 
ties, e.g. , coefficient estimates, distortion theorems, radius of 
convexity etc. for functions f which are analytic in A , have 
power series representation 

00 

(4.1.2) f(z) = z + I a z*^ 

n =2 

and satis:^ (4.1,1) for z e A . We denote the class of such functions 
by R . Analogous properties have also been obtained for analytic 
functions with initial zero coefficients in (4.1 .2) and satisfying 
(4.1,1) for z e 4 . Eziohi [ 14 ] ^d Ifertyhov [^] obtained the radius 
of convexity along with the other properti^ for the class of functions 
that are analytic and satis:^ 


(4.1.3) Re (f'(z))>'a 
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been studied by MacGregor [^, ^ , Goel [^ , 19] , Jadjuanabhan [^1 , 
Oaplinger and Causey , Shaffer [ 75 ] and others. 

On lines similar to those adopted in Chapter II, we now propose 
a unified approach to the study of various subclasses of univalent 
functions A/diose derivatives have a positive real part in the unit disc. 
a3hus, we introduce the class R(a,B) which, for different values of 
the parameters a, e(0 1 a < ^ , q < 3 < i ), not only gives rise to the 
classes studied by the above mentioned woricers but also gives rise to 
many new subclasses of univalent functions. !Ehus we have the following 
definition: 

00 

Defin ition 4.1.1 : Dst f(z) = z + ^ a^z be analytic in the unit 

n=2 ^ ^ ^ ^ 

disc A , Ifaen f e R (a, 3) if 


(4.1.4) |(f’(z)-l)/{23(f'(z)-<x)-.(f'(z)-l)|[ < 1 

holds for some a , 3 (0 5a<l, 0<8j<l) and all z e A 


It is easy to check that ^^(“,1) is the class studied by 
Ezrohi [ 14 ] ,■ Martynov [49] fete.; K(o,i ) = R and R(0,l/2) = R give 
the classes introduced and studied by MacGregor f 41 , 46] viiile the 
cases (a,3) = (0,(26-1 )/2(S ), 6 > l/2, (a,B) = ((i-y)/(1+y), (1+y)/2) 


and (a, 0) = (0,1-<S) in (4.1.4) lead respectively to the classes 



5 



74 


From the definitiou given above It is cleai^ that R(a,3) is 
a subclass of the clciss of functions whose derivatives have a positive 
real part in A and hence a function in R(a,3) is univalent in A . 

It is easily seen that for f e R((x,3), the values f'Cz) lie inside 
the circle in the ri^t half -plane with centre at (l+a-2a6)/2(l-3) and 
radius (l— ot)/2(l— 3). lUrtherj it follows from Schwarz's Lemma that 
if f e R(a,3), then f '(z) = (l+(2a3-1 )z 4(z))/(l+(23-1 )z(t)(z)) for 
some 4 e A . 

In the pi>3sent chapter, we determine sharp coefficient estimates, 

distortion theorems, radii of convexity etc«, for the class 

consisting of functions whose power’ seii.es f(z) = ^ ^ 

lc'^2 

\+ 2 ^ +••• ^ v*Lich satis:^ (4.1.4) for seme 0 , 3(0 £ a < 1,0 < 3 £ l) 

and z e A • A sufficient condition for a function to be in K (u,3) 
has also been obtained. For different values of the parameters 
*^>^(0^® 1,0 ^ 3 ^ l) our results sharpen and generalize the corres- 
ponding results obtained by MacGregor , 4£] , Qoel [18 , 19] , 

Ezrohi [ 14 ] , Martynov [49] , Padmanabhan [64], Caplinger and Causey 

w and Saaffer [25] etc. 




Remark 4.1.1 : The function f(z), given by ( 4 . 1.2) and satis:Qring 


for some a, 3 (O 5_a < 1,0 < 3 < l)> z e A is easily obtained by 

'I'. ;■■■/, ■■ inC4-l-4-) 

replacing a by ^ ^ class of 
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4.2 Goefficlent estimates ; 

CXJ 

aheorem 4.2.1 : If f(z) = z + T a is in Z (a.s), then 

n=4!:+1 "" . 

ja^l _< 2$(l-a)/ n for n ^k+1, k = 1^2,....* !Ehe inequality is 
sharp for each n. 

Proof : Since f e by Schwarz's lemma, we have 

l+(2ae-l) (o(z) 

(4.2.1) f'(z)=- — 

1+(26h) a)(z) 

^ in k 

vtiere w(z) = J t z = z <p(z) ±s in B. 3hen (4.2.1 ) gives 
m=k 

((23-1) f'(z)-(2aB-l)) U3(z) = 1-f'(z) 
or 

00 

(4.2.2) [23(l-a) + ^ (20-1 )m a^z““''] [ I = - I 

m=k+1 m=^ m=k+1 


Equating corresponding coefficients on both sides of (4.2.2) we observe 
that the coefficient on the ri^t of (4.2.2) depends only on 
°k+l’\+2^**’*’ ^n 1 (4.2.2), Hence for n^k+l, 

it follows from (4.2.2) that 


[26(1-0) + y (26-1 )m a z“”’'3io(z) = - I “ I 

m=k+i m=k+1 m=n+1 


say. Since |io(z)l <1, we get 



I V""^| 

E!=n+1 
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Squaring bo1ii sides of (4.2.3) aijd integrating round |z| = f j 0 < f . < I j 
we obtain 

m=lj:+1 


If we take the limit as r approaches 1, tiien 

(2e-l)V|aj2 > I 

m=k+1 ia=k+1 

or 

jQ— k 

4B(l-B) X I m^|a 1^ + n^ [a <46^(l-a)^. 
m=k+1 

Since 0 < 6 1 , this gives. 


n 


I 

m=n+1 


2i j2,2m-2 
a' 

|2 

2m-2 . 

m r 


r ^ \ I iSi-z , 
> mar + 

L I j]2l 

m=k+1 


2 (2^/0^/'. 
n a <^46 (1-a) 


a 


■vshence follows that 


2B(l-a) 


l\l 1-^ 


, n > k+1 * 


!I!he bounds are sharp for the fdnctions 


,n-1 


z 1+(l-2aB)t 
f (z) = / ■ - - 


0 1-(2B-1 )t' 

for n > k+1 and z e A • 


n-1 


Remaik 4.2.1: Putting k = 1 and different values of the parameters 
a fifo < a < 1. 0 < a < 1) in theorem 4w2.1, we get liie corresponding 
coefficient respective classes 



Obtained by M^SregorI41 _,^, Goal ( I£] , Eadmnabban [M] , 
Caplinger and Caus^ [l£]etc. 

4.3 Distortion BieoT-fima; 


CO 

tteoren 4.?,1 = let f(e) = , + J a/ ^ b(<.,6). 

rk=k+1 ^ 

z G A , 


Ohen , for 


(4.3.1) 


and 


(4.3.2) 


t / M 1 +(l- 2 aB)t^ 

lf(s)l</ 

0 i-(2e-i )t 


I , M V l+(2ae-l.)t^ 

\fU) \ 1 J dt 


0 i+(2e-i)t 

J^l 2 £ ® ~ 1/2 j the above estimates reduce to 

(4.3.3) |f(z)l l|z! + (1^) 


k+1 


and 


I k+1 


(4.3.4) |f(z)| iUi - (l-“) 


k+1 


All the above estimates are sharp . 

.Iroof; Since f e }^(a,e), we observe that condition (4. 1.4) coupled 
with an application of Schwarz's InHsiaa implies that for z e A , f*(z) 
assumes values lying in the disk K, on the line segment joining Ihe 
points (l+(2ae-l) Izl^)/(l+(2$-l) jzf ) and (l-(2a8-1 ) lzl^)/(l-(2e-1 ) jz f ) 
as diameter. Bans, if g(z) W (l-(2ae-l)2 )/(l-(2e-l)z ) then, since 
g(o) = f'(0) = 1 and g - A , it follows that f* is 

subordinate to gi;; 
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(4.5.5) |f'(z)I < 


1-(2a6-l)|zl 

1-(26-l)U|'‘ 


and 


(4.3.6) 


1+(26-l)|z 
iUrther, we have 


1+{2e.6-l)|z|'" 1-(2aM)|z|*" 

r i 1 — — T-x- • 


1-(2g-l)iz| 


(4.3.7) f(z) = / f'(8) ds = / f'(te^^) dt. 


Using (4.3.5) in (4.3.7) leads to 


l^(z)ll/ If'(te^®)|dt £ f 


z| 1+(l-2a3)t^ 


dt 


0 1-(26-1 )t 


which glTes (4.3. I) and (4.3.3). 


To prove (4.3.2) and (4.3.4), we note that, (4.3.7) and (4.3.6) 


give 


J 


IzJ 1+(2ae-l)t 

k(z)ll/ Ref'(te )dt^ J — ~ 

0 o i+(2e-i)t 


which yields (4.3.2) and (4.3.4). 

Uae function f(z) given by 


f»(z) == 


1-( 203-1 )z 
1-(26-1 ) z^ 


shows that all' the estinates in (4«3'.l) ^*0 (4.3.4) are sharp 


. 't, ' 


’ ' ■ ^ '■ -'It' A' 
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Star k = 1, we deduce the following result; 


Corollaiy 4.3.1a ; Let f(z) 
z e A 

Ul 

(4.3.8) lf(z)| < f 

0 


= z 


00 


- I 

ri=2 


n 

a z 
n 


l+(l-2aa)t 

— — — dt 

i-(2e-i)t 


be in R(a,B), then for 


and 


(4.3.9) 


, U\ 1+(2aB-l)t 

!f(z)l dt 

0 1+(2B-l)t 


where equality holdsfor ijge functions given in the theorem with k - 1. 

00 

Gorollarv 4.3.1b ; let f(z) = z + ][ a z be in , -then for 

nsk+l 


z e 4 


Izl l-(2a-l)t 

(4.3.10) If(z)l 1/ r dt 

0 1-t 


Izl 1 -(l- 2 a)t^ 

(4.3.11) lf(z)l > / j dt. 

o 1+t 


Bie bounds are sharp . 

This f-esult is obtained by putting B = 1 in Bieorem 4.3.1. 

Replacing a by (1“7 )/(i+y) and B by (i+y)/ 2 in 
Iheoren 4.3.1, we get the following distortion theorons for functions 
in l^(Y). 

Corollary 4.3.1c ; . , Let f(z).’5= ^ ^ 

■ ■ -- i:fc=k+1 
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, , , , |z| 1 +Yt^ 

(4.3.12) lf(z)|</ — _dt 

0 1-y/ 


^ ^ lz| 1-yt 

(4.3.13) |f(z)i>/ dt 

0 1+Yt 


!IIb.e bounds are sharp . 

4.3. It (a) Sutting (a,B) = ( 0 ,l/ 2 ), (a, 6) = (o,(25-1 )/2 6),6 > l/2 
and replacement of a by 1 -a and g by l /2 in Baeorem 4 * 3 . 1 j we get 
respectively the corresponding distortion Iheoreiiis for the functions in 
the classes 7^, ^(‘^) ^ ^(“)* 

(b) (a» 3 ) = ( 0 , 1 - 5 ) in Theorem 4.3.1) we obtain distortion iiieorsas 
for functions in R**( 6 ) deteimined by Shaffer [75_3 . 

(c) (a,e) = (o,i) in Haeorem 4.3.1, we get the corresponding distortion 
theorems obtained by MacGregor m- 

(d) Eor different values of the parameters a,s(0 < 1,0 < $<_l) 

in Corollaiy 4.3.1a) we get the corresponding distortion theorems for 
their respective classes obtained by MacGregor [ 41 , Goel [18] > 
Padmanabhan [64] , Caplinger and Causey [10] ) Saaffer [75 J and othears. 

4.4 A sufficient condition for a function to be in ^-^(“)^). 

. .CO ' JQL 

Theorem 4.4.J: Let f(z) = z+ ^ a z be analytic in a . If 

■ bHc+l 
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then f(z) belongs to Rj^(a,g). 

Iroof: Suppose that (4.4.1) holds for some a,B (o <_ a < 1,0 < 6 5.1/2) 
and that 


f (z) = z + 'I a z^ : 
n=k+i “ 


then for z e A , 


lf'(z)-1 l-l2e(f'(z)-a)-(f'(z)-1^ 


= 11 “ t ~ l 2 e(r-a)- I (i-2e)n a ] 

n=k+1 n=k+1 

1 I n|a^lr“"^- {26(1-0) _ f ( i-26)n [a } 

Q;=k +1 n=k +1 

C» 00 

< I ^ I- 20(1-0) + I (l- 26 )nla^l 

n?=k +1 n=k +1 


= 2 [ ^ (l-^)a|a }-6(l-a)] 

n=k-t-1 


5. 0» by (4*4*i)* 

Hence it follows that 

|(f'(z)-l)/<26(f'(z)--a)-(fKz)-l)}l < 1, 


so that f e Rjj.(“»0). Hence the Iheorem. 

Ibr k = 1, we deduce. the fallowing result: 
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r(l-6)nia 1 <^(l-a)B , 

a=2 

then f(z) belongs to R(a,e), 

4-5 !Ihe radii of convexity for fuactloos in the class R(a,e). 


OSieorem 4.5 «1: 1/et f e R(a,3). Itor a glTen g(0 < $ ^ l) let 

ctje) = {-(l+10e) +/ (1+I2e+ 363^+ 323^)} 743(43^-83-1 ). further , 

let V^= {(a, ’3): 0 a < 1 , 0 < g ^ 1 }, = {(a,3): 0 < a < l/lO, 

r2 = <(a,e)j 1/10 5 a^(6), 0 < 3 £1} , 

^3 ~ ^1*" 

(i) f is convex in |2| < r^, for (0,3) e U 

(ii) ^ te convex in |z| < r2» for (a, 3 ^) e #iere 

r^=[(l-2a3)+ / 23 (l-a)( 1-2a3) 


and 




1 1/2 


o3 + / a(l~2a3+a3^) 

!Ihe bounds for [ai ^n (i) and (ii) are abarp ^ 

Proof: Sa.nce f e R(a, 3)j we have by Schwarz^ s Iiemina 

1+(2a3-l)M(z) 


(4.5.1) 


f'(z) = 


1+(2g-t)tt{z) 

vdiere u e B • ‘ Differentia ting (4*5. t) logariliunically, we get 
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ZO) 


(.) 


f''(z) 

(4.5.2) 1+z — = l-2B(l-a) { 

^ 2 ) ( 1 +( 26'^1 )( o ( z ) )( 1 +( 2 aB -1 ) u ( z ) ) 

^plying (3.2.2) with k = 1, s = 26—1, t = 2aB— 1, we obtain 


} . 


f"(z) 

( 4 . 5 . 5 ) Re {1+z } >' 


f'(z) 2B(l-a) 


[Re {(28-1 )p(z) + 


2a8-1 


p(z) 


/l(26-l)p(z)+1-2a8l^-ll-p(z) f l-2a8 

] + 


(l-r‘^)|p(z) I 6(l-a) 

where p(z) = (l+(2a8-1 )to(z))/ ( 1+(26-1 )u(z)). 

An application of lemma 3.2.3 IW with k = 1, q = s = 28-1 

and t = 2a8-1 to (4.5.3) gives 

1 


f"(z) 

( 4 . 5 . 4 ) Re{1+z } > 

f'(z) " 


Tt 

8(l-a)(l--r’ ) 


,^aB^(l-(2g-1 )r^)(l+(l-2a8)r^) 


-( 1 +( 2 6-1 ) ( 1 -2 a8 ) )+( 1-2 a6)( 1 )l 


if ^0 

2 

1-2(l-2a6)r+(26-1 )(2a8-l)r 
(l+(26-l)r)(l+(2a8-l)r) 


if R„ < R. 

where R^ = a(l+( 1-2a6)r^)/( 1-(26-1 )r^), R^=(l+(2a6-l)r)/(l+(26-1 )r). 

(4.5.4) the bound r' of convexity fo|? the class K(a, 6) is 

■■ ’ ■ ■ f . 

determined either from the e(^tio^ . . , 

.2 
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or from the equation 

(4.5.6) )r^ )( 1 +( 1 -2ag)r^ )-( 1 +( 1 -2a6 )( 23-1 )/ ) 

+(l-2a3) (l-r^) = 0. 

Equation (4.5.6) may be reduced to 

(4.5.7) (l-2a6)r^ + 2a3r^-«=0. 


ilso the two minima giVen by (4.5.4) become equal to each other for 
those (0,3) E for which 


®o = 


(4.5.8) 

From (4.5.5) and (4.5.7)} we obtain 


(4.5.9) 


r'= r^= [(l-2a3) + *^2g(l-a)(l-2a3) 1 


1-1 


and 


(4.5.10) 


= [ 


1/2 


p - i I — ‘ 2'- 

0(3+ /a( 1-^203+00 ) 


To obtain the points (a, 3 ) e which determine the transition from 
formula (4.5.9) to formula ( 4 . 5 . 10 ) we eliminate r from (4*5.5) and 


(4.5.8) and get , 

(4.5.11) Q^(“»^) -23(43^-86-1) a^+(l+l03)a-1 = 0. 

Eor a given b(0 < 3 <_l), the smallest positive root of the 
equation (4.5.11 )} vihlch is quadratic in a is given by 
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a^(B) = 


-( 1 + 106 ) +/( 1 + 1284366 ^+ 366 ^) 


4e(4B^-86-l) 


It is evident that a^(o) = i and 0^(1)= l/iO . 

Efowj let r denote the arc of the curve Q^(otj6) = 0 lying 
in the region G = {(a,e): 1/10 < a < 1, 0 < g < 1 }ci. i.e. 
passing thiou^ the points (l/l0,l) and (l,0). Ihe curve r divides 
the region into two subregions H = r^<jr2 

r^={(a^g). 0 < 1/10, 0 < g •< 1 }, r2={(“»3):'l/lO <_ a£a^(g),0 < 6 <_1 } 

and = V ^ -(r ^1:^12 )• The curve r also gives transition from 
formula (4. 5*9) to formula (4*5*10). It is obvious liiat r has void 
intersection with so that in we have to use either formula 

(4.5.9) or formula (4f5.10). But it is easily seen that it is 
impossible to use formula (4.5 » 10 ) for all the points (“jS) lying in 
K = {(a,3):a = 0, 0 < 6 ^ l}Ct-r^. So, formula (4.5.9) must be used 
for (®,S) lying in r_j, Now we consider the points (a,3) lying in 
the region G = Since the formula (4.5.9) cannot be used for 


the points (a,B) lying in W'=i{(a,3): a^(s) <_ a < 1, 1/2 _< g _< 1 vhere 

“q( 6) = l/23}dr^» it therefore follows that for (a, 3) e r^, we have 

to use formula ( 4 . 5 . 10 ) while formula ( 4 . 5 . 9 ) is to be used for 

(«,3) e r.U^2' proves (i) and (ii). 

^ i-i'c i;,' -v- ' ; 

ligure 4 shows the transition curve T and the regions 


r. , and . 
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show that the results obtained in the theorem are sharp. 
Cp.^ll..a|y,4.5.1a[l0 : u f e R(y), 0 < y < 1. then 

( ^ ^ I ^ I )/y onto a convex domain if 

— ■ lY 11, 

(ii) f maps 

|zl <[ {(y -i) +/(i-y^)(i+4y-y^) } /SyCi+y)]^^^ 


onto a convex domain If 


0 < Y ('5+t)/'^2. 


Pie bounds for jz] ^ (i) and (ii) are both sharp . 

Pie above result is obtained by replacing a (1 -y)/(i+y) and g 
by (1+y)/2 in Theoron 4.5.t» It' is to be noted that this result was 


determined by Padmanabhan [64jand Caplinger and Causey [10] separately 
by using different techniques. Also Y - 1 in the above corollary gives 
a result due to MacGcregor [41] . 


Putting e = 1 in Pieoreni 4.5.1, we get the followmg resrlt due to 
Ezrohi [143 and Martynov ea . 


CoTOllanr 4.5.1b ; It t c 0 < 1, then 



onto a convex domain if 
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(li) f ma£s |z| < [o/{a + onto a convex domaltt If 

0 ;< a _< 1/10. 

for [z| jjQ (i) ^ (ii) are sharp . 

Qoiollaiy 4.5.10119,30]: f e R*(a) and let a^= (1+/5I/4. 

Bien 

(i) toy °*Q ^ ® ^ 1> f is convex in 

|z| <1/20 , 

(ii) for 0 < a ^ , f is convene In 

(a-l) + ./(i-K3i)(i+3c») . 

|,| < [_ ^ ]l/2 . 

2a 

Kie bounds for |z| i^ (i) and (ii) are both sbarp» 

Ihis result is obtained by r placing a by 1-a and g by 1/2 
in Theorem 4»5»1. It can be noted tint this result was determined 
by Kac2mars]j;i and Go el [19J separately by using different techniques. 

The oases (a,g) = (0,(25-l)/26),5 > l/2, (a,6) = (0,1-6) in 

Theorem 4.5.1 lead respectively to the follorajig results due to 
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^so, putting (a ,3) _ (o, 1/2) Iheorem 4.5.1, we get the 
foilowxjdg x^sulti duiB "to M^Q GkrBgOj;* [ 46 j 

^ . llaqr 4.5. 1f= Each function f c i |^ | <1/2 onto a 

convex domain . Ihe result is sharp . 

Raaaifc 4.5 . I : Subtracting y from both sides of the equation (4.5 .4) 
and proceeding on similar lines as in Baeorem 4.5.1, we get the 
radii of convexity of order Y for functions in R(a,e). 

We now obtain the radii of convexity for functions belonging 
to the class j;^(a,3)* 

Olieore m 4.5 » 2: Let f e l?j^(a,3) and let r^ (a,3,k) be the smallest 
positive root of the equation 

k((2B--1 )(2a3T-1 )r^-l)(l-r^) + 2(23-1 )(2a3-l)r^'^V2r(l-2(l-8-a3)r^)=0. 

Baen 


(i) for 0 < T (a,B, k), f 3£_ coayex in 


\z\ < r^ s [(l-3(l+(j)+6(l-a)k)4A^(l-a)^(l4fc)^+23(l-a)(l-6^a3)k 


(ii) for r^(a,3,k) £r < 1, f is convex in 
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2(26-1 )(l-2as)r^(l-/>-(6(l-<.) (lrt^)+2Cl-e-<.6)lc) r’'’'' (l+/) 


+ (4(l-6-a6)k-2c(l-a)(i^^))r^'*'V2(l-r^) = 0. 


Ihe bomds for | z| 3^ (i) ^ (u) are bolfa sharp. 


Proof; Since f e R 


we have by 


Lemma 2.2.1 


(4.5.12) 


f'(z) 


1+(2a6-l)2 <!)(z) 
1+(28-1 )z^(j)(z) 


for some (j* e A and all z e A . Writing z^{z) = (o(z) vdiere oj e B, 


we get 


(4.5.13) f'(2) = 


1+(2ae-l)z^~^u(z) 
1+(26-l)z^ ^o(z) 


Differentiatiag (4.5.13) logarithmically, we have 


f"(z) 

(4.5.14) 1+z = 1-2&(l-a){ 

f‘(z) 


z &)’(z) + (k-l)z 

(l+(26-1 )z^“^ tt(z) )(l +( 206-1 )z^~^ aj(z) ) 


Applying (3.2.2) with s = 26-1, t = 2a6-1 to (4.5.14), we obtain 


f"(z) 1 

(■4.5.15) He (l+z — } > — 

f'(z) 26(l-a) 


(206-1 )k 

-rr— {E© {(2^1) kp(z) +- — } 

l-o) p(z) 


r^l(2e-l)p(z) + 1-206 |^-}l-p(z) 


r^""\l-r^) 1 p(z)| 
(l-6-a6)k 
6(l-a) 


+ 1 + 


whejre p(z) = * 




(z)). 


\ ,'Vk /K’ ' ' '' 

'• , -V' 









91 


An application of Lemma 3.2,3 with q = (26-1 )k, s = 26-1, 
t = 2aB~1 to ( 4 . 5 . 15 ) gives 



N=[ {(2B-l)kr^“’'(l-r )+1-(26-l)^r^^} {1+(2a6-1 )kr^“''(l-r^) - 

(2a6-l)^ , 

Hk ( 2 a^1 )/"■' ( 1 )- ( 1 -2 a6)^ 1 +( 2 a&-1 )r^ 

1 +( 2 B«l)kr^”\l-r^)-( 26 -l)^r^ ^ 1+(2e-l)r^ 


Kow proceeding on the similar lines as in Theoraa 3,3.2, (4.5.16) 
gives the required results easily. 


ahe functions given by 



■2 + (206-1)2 
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where b is detennined by the relation 

1-( 1 +(200-1 )r^ 

1-(l+(2g-l)r^~ 

snow that the results obtained in the'theorsn are sharp, 
ibr 0 = 1, we deduce the following result: 

Oorollaiy 4.5.2a : Let f e ^ and let rl(a, k) be the smallest 
positive root of the equation 


)br+(2oi0-1 )r /l+k( 2a6-i )r^ \l-r^)-( 1-2o0)^r^ 
^)br+(20-l)r^'^’' 1+(20-1 )kr^“'' ( 1-r^)-(2 0-1 )^r^ ° 


k((2orl) r^^^-l ) (l-r^) + 2(2a-l) r^''*V 2r(l+2ca7^) = 0. 


Ihen 


(i) for 0 < r ^r^ (o,k), f is convex in 


< = [(k-ct-Gk) + /(l-a) {(l-a)(l-fk:^)-2ak}] 


(ii) for r^ (o, k) _< r <1, f is convex in 


|z| < r2, 


where r2 is the smallest positive root of the equation 


2 ( 1-2a)r^( 1-r^ )-( ( 1 -o )( )-2ak ( l+r"^ )-( 2( 1-o )( 1 -k^ )+4ak )r 


k-1 / 4 . 


k+1 


+ 2(l-r ) ■= 0, 


Ihe bounds for |z| iB (i) and (ii) are ^aip. 


corollary 4.5.2b : ^ ■ f k) be the ;sqiallest 
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kd+v^r^) (l^^).2r(l.r^^) = 0. 

Then 

(i) ^jl^(Y,k), f is conveir in 

Ul < = [Y(k+/(k^+i ))]“''/^^ 

(ii) r(T,k) < r < 1, f is convex in 

Ni < ^2' 

.yjfeQ.yQ, ^2 the smallest positive root of the equation 

2Y^r^(l-r^)-Y(l-*^)r^"''(l+r'^)-2Y(l-k^)r^'"^-2A^ = 0. 

!aie bounds for |z | in (i) aod (ii) are sharp . 

Bae above result is obtained by replacing a by (l— y)/(1+y) 
and $ by (i+y)/2 in Iheorem 4.5.2. 

Also for the case ( a, B) = (0,(26-1 )/26 ), 6 > l/2 or replacement 
of a by 1~a and g by l/2 in Theorem 4.5.2, we deduce the following 
results; 

Oorollaiy 4.5.2o ; let f e Rj,(b) and let r^^(&) be the aaallest 
positive root of the equation 

k((l-6 )r^-6 )(l-r^) + 2(l-6) r^'^V 26r(6-r^) = 0, 

Bien 

(i) for 0 < r 
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(ii) for ^r < 1, f is coaveir in 


2 <r^ 


^2 — - anallest positi ve root of tfaP. ftniiotinn 


4(l-6)r^(l-r^)+(2k+(26-l)(nk2))r^~\l+r-^)^2(2k-(25-l)(l-k^))r’"^'’ 


- 46(l-r^) = 0.. 


bounds for |z| in (i) and (ii) are 


US. 2d ; let f g J^(a) and let r(a,k) be the smallest 


positive root of tiae equation 


^ k+l 2 

2a r -kr -2i4k 5= o. 


0 < r ^r(a,k), f is oonvex In 

|2 j < r^ = [a(m)]“^^ , 

(ii) for r(a,k) £ r < 1 , f is convex in 


|zi Tgj 


vdiere Is the aaallest positive root of the equation 


a( 1 -He )^r^'"'* ( 1+r^ ) - 2a(k^-(-2k-1 ) r^^V 4r^-4 = 0. 


Ihe bounds for |z| i^ (i) and (ii) ar 


Remaite 4.5.2 ; (a) Putting s=;f0,,t^) in aheorem 4,5.2, we get 

the expression for the functions in 
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R**(6). ISiis result was obtained by Shaffer [75] by using a 
different technique, 

(b) (a, B) = (0,1/2) or (a,B) = (0,i) in Bieoraa 4.5.2 leads 

to the corresponding results determined by MacGregor [41 , 45] -. 



CHATTER 7 


ON RAEII OP STARLIKENESS AND CQWEXI2Y OP SOME 
CLASSES OP anahtic pdnctions 

5.1 Let V J^(a, e) be the class of functions 

(5.1.1) f(z) = z+ 1 a 

n=4+1 “ 

analytic in A and satisfying 



given by (S.I.l) and satisfying 


(5.1.3) >0, zeA, 

for some g t Cjj.(®»^) . 

; ■ "V 

Let denote the class of all noa--constant analytic functions 
00 

f(z) = z + l a in A satisfying 
0=2 

( 5 . 1 . 4 ) Re {(l-z^)f '(z)} ^ 0,' z e A . 

Let F(a,6,X) represent the subclass of S consisting of functions 
of tiie forn 

( 5 . 1 . 5 ) g (z) = 1 ^( 2 :) + (l-X)z 
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(5.1.6) 1- X=^'(») 

for some f e S* (a, 6) and o < w « ' t. 

^ , ; and 0 < X < 1. Denote byG* (a,e,x), the class 

of functions of the fom (5.1.6) where f e C(a,e). 

let ff(a,6, X) be the class of functions f, given by (s.I.l), 

and satisfying 


(5.1.7) 


Xf(z) + (l-X)g(2) 


~1 '<5>0<6^1,zeA, 


for some g e and 0 < x < 1. Denote by the class of 

functions f, given by (5.1.1), and satisfying (5. 1.7) for some g e S* (y) 
and 0 £ X < 1 . 

Represent ty (ijj.(a,5,x), the class of functions f given by 
(5.1.1) and satis^ing ■ 


(5.1.8) 


f*(z) 

Af'(z)+(1-X)f*(z) 


7' < 6> 0 < S < If z e A> 


for some g e and 0 £ X < 1. Also denote by^ (Y, 6,x), tiie class 

of functions f gtven by (5.1,l) and satisfying (5.1.8) for some gg C (y) 
and 0 < X < 1. 


In the present chapter, we propose to determine the radii of 



starlikeness and convexity far,fi^t:^j:^ qf the above mentioned classes 




> 
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H.ngartn.r and Sohober [ffi] and man, o«>era. It ia to bo noted that 

our teobnlque is different from the techniques used by the above mentioned 
workers. 



Let f(z) - z + J - n ^ analytic in a • MacGEregor [44] 
nf=2 — 

posed the problem of finding the radius of univalence for functions 
f(z) satisfying (5. 1.2) where g(z) is in S. He himself solved this 
problem when g e S* or C • Later, Rattl [70] , Goel [2r ] etc. 
doteimlned tho radius of univalence (and starlikeness) by considering 
g(z) in Sq • Hecently, Bajpai [^] extended the above result by 
considering the function f(z) given by ( 5 .I. 1 ) and g e Gaus^ 

and Meikes [JJ,] also extended the results of IfecGregor [44 1 in a 
different direction. In this section, we determine the radii of star- 
likeness for functions in 6). It will be seen that our results 

not only Include the results of the above mentioned workers but also 
yield analogous results for the corresponding subclasses of univalent 
functions when g is associated with various subclasses of starlike 
functions considered in Sec. 1.6. We also determine the radii of 
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Troot : Since f e P, we hare 


(5.2.2) 


Re {4^} > 0 
g(z) 


for some g e Applying lema 2.2.1 with (a,e) 

( 5 . 2 . 2 ), we get 


= (0,1 ) to 


( 5 . 2 . 5 ) 


1 - 2^“’' ^(z) 

1 + z a)(z) 


where to e 8. Differentiating (5..2.3) logarithmically, we have 


(5.a.4) 1^4^ = z 44 


fUT k-1 


z ^^{z) 4* (k-1 ) Z 4o(z) 


(1-2 ^*j(2))(l+z . Ci>(z)) 


Applying Lemma 3. 2.2 with s = 1, t = -1 and using (2.3.5) in (5..2.4), 


we obtain 


■eU'z) ^ (2a6-l) r . /' iV 

(5,2.5) ^ + i(Re {lcp(.)*4^) 


r^jp(z) + lj^ - |l-p(z)j^ 


r’""'^{j^r^) lp(z)l 


where p(z) = (l-z^ ^ co(z))/(l+z^ ^ »(z)).^ 


An application of lemma 3.2.3 wi1±i q = k, s = 1, t = -1 to (5.2.5) 


gives 



) )r -(2a3~1 )r 


> 0, wnich is 


Thus the 



(5.2.7) 1+(2»6-1-2k)r''-(Hat(26-i))?-(2„s.i)r5'' >0 


It is ea^ to check that (5.2,7) is satisfied for \z\ < r^, where 
is the saaallest positive root of the equation (5.2.1 ). 


The functions 

( 5 . 2 . 8 ) 


1 + z 

f(z) = g(z) 


1-2 


where g(z) is given by 


(5.2.9) 




t - (2aM) z 
'l - (2B-1) 


show that the result obtained in the theorem is sharp. 

Hitting 8 = t, in Theorem 5.2,. 1, we get the following result due 
to Baj pai (21 • 

Corollary 5.2.1a ; let fCz) be in t>*(«>l). Then f is univalent and 
starlike for jz | < r^, where 


/( -2ak+2k4k^ ) - (k+1-a) 

{ ; : : } .if 1/2, 

20-1 

(l/2k+l)''/^ if 0^1/2. 

The result is sharp fo r th§ fu.^ieas 'giyeh bg (5-.2.8) (5.2.9) 

■ ■ ■I — I m il ^ '' ...g;;; ’' 

wiidi 8 = 1. , 1 i.:,. 
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univaleiat and etarlike for z < r 


where 


result is sharp for the fuactiops given by (5.2.8) and (5.2.9) with 


k as 1 , (“,B) s= (0,l) in Theorem 5.2.1 leads to the following result 


due to MacGregor [ii] 


are analytic in a and g is univalent and starlike in ^ 


then f is uniTalent and starlike in 


z| < a-vT . fflie result is sharp for the functions given by (5.2.8) 


and (5.2.9 ) with k = 1, (o, S) = (o,l) 


Hemaik 5.2.1 


0 < 6 < 1 ) in GSieorem 5.2.1, ahalogous results can be obtained where g 


introduced in Sec. 1 .6 
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1+(2aB-1-2k)x.''-(H2k(28-l))r^K2<»6-l)r’‘' = 0. 

Ths result is sharp for- th. cotton.-, 

t {z) ^s'iz) ; 1 + z — - . 

^ ^ g’(z) 1-(2e-l)z^ 

— ^ 5-2.2 : The results due to Bajpai [3] and Padmanabhan [63] 

can be obtaintd by putting e= 1 and k == 1, 6= i respectively in 

Thuoraa 5.2.2. 


5*3 JBae radius of convexity for functions in 

If f e it is known that f is univalent and f(A ) is a 
dOBiain convex in v— direction} i.e. } the intersection of f(A) with 
each verticsQ. line is connected (or oi^ly)* Secently} Hengartner and 
Schuber f 25 } obtained the radii of convexity for functions in J . 

We give an altemative technique to determine the same. Oiais we have 
the following ; 



Proof ! 
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Hierefore by Schwarz's. lemma 


that 


Differentiating (5.3.2) logarithm! 


Applying (5.2.2) with k = '1, s = i 
Re ((l+z^)/(l-z^)) >_ (l-r^)/(l+r^) 


where p(z) 


(l-m(z))/(l+to(z)) 


Nov^^similar arguments as in Theorem 5.2. T, the require result follow 


number X 
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of functions given by (5.1. 5) where f 


Satisfies the relation 


( 5 #4 • 1 ) 


we now detez^ine shazp estimates for radii of convexity 
for functions in F(a,8yV). jhus we prove the following : 

Theorem 5.4.1 . i^fc be in F (a ,6 ,X ) and let r^ be the smallest 
positive root, which exists in (o,l), of the equation 


f ' (z) - i| < -j ^ z e A 


(28-1 )(2e(l-l)+28aX-1 )/-2(26-1 )(26(l-x)+2aBX-1 )r^-(4B^+4B-2-26X(l+ 

+23)(l-a))r^-2iM-1 = 0. 


Then 




(i) 

is convex in 

|z| < 0 < r < r^ 

and 

(ii) 

g is convex in 

A 

1 ^1 < r- , 1£ r £ r < 1 

where 


and 


[(l-2e+28X(l-a)) + 



^2 = f 


(l-X+aX) 

0(l-X+aX)+/ (.1^X+aX)((l-B)^-i^X(l-a)(2-a)) 


1/2 

•1 . 


The bounds for | z 


in (i) ^ ,(fi.) 




where to e 8 . 
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Logarithmic differentiation 


Applying (3.2.2) with k = 1 


we obtain 


where p(z) == (l+(2P-1— 20X(l-a)) (o(z))/(l+(2g— 1 ) mCz)) 


An application of Leama 3.2.3 with k=1, q 
■28X(l-a) to (5.4.5) gives 


1+2(2B-1-26X(l-a))rf(2B-l)(2B-1-23X(l- 

% - * 

M " " 1 ^ " ' 2 

(l+(^H)r)(l-(2e-1-23X(l-a))r ) 


where 
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2 (l-X+aA)(l-(28-1-26A(l-a))/) 1 + (28~l-28X(l-a))r 

o ' T"-? = — . 

1 l + (2»-l)r 

Ihe two miiaiina given by (5.4.6) become equal to each other for those 
values of a, S and X for vdiich ^ 


(5.4.7) 


E = R^. 
0 1 


The above equation, on simplification, yields 


(5.4.8) (26-l)(26(l-x)+2aeX-l)r^-2(2e-l)(28(l-x)+2a8X-l)r^ 

- (46^+40-2-r26X(l-28)(l-a))r^-2r +1=0. 

let Tq be the smallest positive root, which exists in (0,l), of the 
equation (5.4.8). Then (5.4.6) is equivalent to 


ex(l-a)(l-r'^) 


g”(z) 


[ vi^_( 1 -( 26 -1 ) ( 26 -1 -20 X( 1 -a ) )r^ ) 

-(26-1-2BX(l-a))(l-r^)] 

ifr^<r<i, 


(5.4.9) Ee{1+zp^} > -""-^o- 

1 +2( 26-1 -26X ( 1-a ) )r+( 20-1 )( 20-1 -20 x( 1 -a ) )r'' 
' ',( 1+(20-1 )r)( 1+(20-1-20X ( 1-a) )r ) 


if 0 < r < r_ 


where N* is given by (5..4.6,;.4K'^ ■ ; ^ , * ; . : • , 

Thus we see that 1±ie fe^tii of convexity- r*’ for functions in 


F(a,fi,X) is, given by, 


(5.4.10) 




%|ve,i^t of-liie equation 


if 0 < r <T^r- 
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and, by the smallest positive root of the equation 

(5.4.11) (23-l~23X(l-’a))r''^-28(l-*^+aX)r^+(l-X-K3iX)=:0 if ^ r < 1. 

aie smallest positive roots of the equations (5,4.70) and (5.4.11) giving 
the radii of convexity for functions in F(af3,X) are easily seen to be 


(5.4.12) r*=r^=[ ( 1-23+2BX ( 1- a))+/ 2ex( 1-a)( 1-2S( 1-X )-2aeX )] “"‘for 0<r±r^r 


and 


(5.4.13) = 


(l-X+aX) 


-.1/2 


3(l-l+aX)+ y(l--X+aX)((l-8)^+3x(2 -6)(l-a)) 


for r^ ^ r < 1 where r^ is the smallest positive root of the equation 


(5.4.8). 


(5.4.14) 


The functions given by 

1 - (23-1-23X(l-a)) z 


and 


gl(z) = 

1-(2B-l) z 


1-23(l-X+aX)bz + (2B-1-28X( 1-a) )z‘' 


(5.4.15) g’(z) = 

X 1-23 bz + (23-1 )z 

where b is determined by the relation 
1 -26( 1-X+aX)brf (28-1 -23X( 1 


T-23 br + (23-1 )r^ 


l-a))r^ 


X+aX)(l-(28-1-23X(l-a))r ) 


1-(23-l )r'' 


- R 


show that the results obtained in 1dae theorem are sharp- 


Putting 3=1, in Oheoraa 5.4.1, we deduce the following 
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Corollary 5.4.1a ; g (z) = xf(z) + (l-X)z vrfiere f e R and let 

X “ ^ 

r^ be the smallest positive root« which exists in (o,l) of the equation 
(l-2X+2aX)r^-2(l-2x+2aX)r^-6(l-X+aX)r>^-2r +■ 1 = 0. 

Then 


(i) g is convex in Izl < r. _if 0< r < r and 

X ^ ° , 

(ii) g, is convex inlzj <r^ifr<r<1 where 

r^ = [ /2X(l-a)(2x(l-a)-l) - ( 1-2x+2aX)r'’ 

(l-X4aX) 


ana 


r2 =[• 


] 


,1/2 


+ /x( 1— a)(l~X+aX) 

!Ehe bounds for |z| (i) and (ii) are sharp for the fanctions given 

by (5.4.14) and (5.4.15) with g = 1. 

Putting (a,g) = (0,1/2) in 'Iheoroa 5.4.1, we get the followii:^ 
result obtained by Gupta [23] by using a different technique. 

Corollary 5*4. 1b : Let g (z) = xf(z) + (l-x)z where f satisfies (5.4. 1 ) 

X 

and let = (*^5 + l)/4. OEhen 


( i ) for ^a<1, g i 


is convex in 


z < 


1/2 X, 


(ii) for 0 < ot <_ a^, g is convex in 


V(l-X)(l+3X) - (I-X) wp 

h i < [- P 



109 


!Hae bounds for |z| ^ (i) and (ii) are sharp for the functions giren 
by (5.4.14) and (5.4.15) with (a, 3) = (0,l/2). 

Hemark 5 » 4 » 1 : Ibr different values of the parameters a,3(0 ^ a < 1, 

0 6 in Iheorem 5.4.1, analogous results can be obtained, for 

the classes of functions of the foim (5.1.5) where f belocigs respectively 
to the classes defined in Sec. 1.5. 

5.5 Ifae radii of starlikeness for functions in G*(a,g,A) and radii of 
convexity for functions in 

Livingston [59] proved that if f e S* or C thai 

(Y?S^[f(z) + zf'(z)] belongs to S* or C for |z| < l/2. Sin^ and 

Go el [78] , Bajpai and Sin^ etc. extended this result to the case 

of functions of the class S*. Recently, Nikolaeva and Repnina [ 56] 

extended this result to the class of functions given by (5.1.6). Here 

we first determine exact radii of starlikeness for functions in 

G*(a,3,X ) and deduce 1he radii of convexity for functions G*(a,8,A) by 

the help of a known fact. Ihus we have the following : 

Qheorea 5-5.1 : Let H,(z) be in G*(a,6.A) and let r, be the smallest 
positive rQot» which exists iia (Oti) of the equatioQ 

(5.5.l) (28-26X+2aeX-l)(X-1+2B(l-2X+aX))r'^ +2(l+x(2e-l))(28(l-XrfaX)- 

-1 )r^+2 [ X+2X(26-^1-$X(l-a) )+eX(l-a)(4e-2+X-46X+2a6X)] r^ 

+ 2(l+X-26+2BX(l-a))r - (1+X) - 0. 


Eien 
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(i) is starlike in |z| <r^,n^0 <r£r^ and 

(ii) is starlike in ]z) < ^ 2 ’ -ii ^o— ^ 

r^ = [(l-e-a8+2ex(l-a))+ /$( 1 -a) ( 3( 1 -a )+2 i-4 eA( 1 -X+aA ) ) 


and 


r. =[- 


4X(i-X+aX)-(l-a) 


■(4aeX(i-x+aXHl-a)(l-2x)) + /W* 




where 


1-a)( 1-2X)-4a3X( 1-X+aX) ) -(4 x( 1-X+aX)— 1+a)(8a3x(l’“X+aX)-(l— a+4aX)). 
The bounds for jz] in (i) and (ii) axe_shar£. 

Proof : Since f e^* (a,3)> dy Lemma 2.2.1 with k = 1, we have 


( 5 . 5 . 2 ) 


N 1 + (2a3-l)u(z) 

V i ■y ,4.. ~ I i^ r y 




1 + (23^1) ©(z) 

where © eB . Differentiating (5.1.6) logarithmically and using (5.5.2), 
we obtain 

P^'(z) 1+(2ci3-l)b(z) 

( 5 . 5 . 3 ) z-=rr-T = — 

^X^^^ 1+(23-l)©(z) 

~ 23x(l-a) {- 


u?(z) 


'(l+(23-l)a(z)) (l+(23(l-X+aX)-l) ©(z)) 
Applying (3.2.2) with k = 1, s = 23~1 nnd t = 23(l“X+aX)“1 fo (5.5.3), 


we get 



Ill 


1 23(l-X+aX)-1 

(5.5.4) Re {zrr-rry^ > [He{(4&-1-2a6)p(z) + } 

X^ ^ 23X(l-a) 

r^j (26-l)p(z)-(26(l-X+ax)-1 ) l^-jl-p(z) 

|p(z)| 

1+03-36+23 X-2a6X 

+ ( ) 

3X(i-a) 

where p(z) = (l+(23( 1-X+aX)-1 )a)(z))/(l+(2e-1 )oj( 2 )). 

An application of Lemma 3.2.3 with k = 1, q = 43-1-2a3, s = 23-1 and 
t = 2^(l-X+aX)-l to ( 5 . 5 . 4 ) gives 


I’p'(z) 

( 5 . 5 . 5 ) Re {z -- > 


3X(l-a)(l-r ) 


[/ M*-( 1-(23-1 )(23-23X+23aX-1 )r^) 
+( 1+06-3 3+2eX-2a-3X)( 1-r^)3 


where 


if H > R^ , 

0 — 1 ’ 

1-2( 1-6-a6+23X( 1-a) )r+(2a3-1 )(23-1-23X( 1-a ) 
( 1 +( 23 -1 ) r ) ( 1 + ( 23 ( 1 -X +aX )-1 )r ) 


M* = 43^(l-X+aX)((2-a)-(23-a)r^)(l-(28-1-23x(l-cO)r^)» 


R 


(l-X+aX)(l-(23(l-X+aX)-1 )r ) 

^ 2 ' ' 

(2-a) - (23-a)r 


1+(23{l-X+aX)-l)r 


and. R.^ = 


1+(23-l)r 


Using similar arguments as in Iheoraa 5.4.1, (5.5.5) gives the 
required results easily. 

ahe results obtainai in the theorem are sharp for the 


functions givaa by 
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(5.5.6) 


1 - (2a8-l) z 
1 - (2B-l) z 


(5.5.7) 


r 

1 - 2a6bz + (2aB-l)z' 


1 - 2Sbz + (2B-1 ) 


where b is detemined by the relation 


(5.5.8) 


1 -2B ( 1 -X+aX )brf ( 2B ( 1 -X+aX )-1 )t 
1-26br + (2B-l)r^ 


/ ( 1 -X+aX ) ( 1 -(2B ( 1 -X+aX )-1 )r^ ) 

= V 5— — = 

(2-a) - (20-a)r^ ° 

Oorollaiy 5^5.1 : Let S' (z) be in 6*(a,1,x) ^<3. let r be the smallest 
positive root, which exists in (O, l) of the equation 

% O 

( 5 . 5 . 9 ) ( 1-2X+2aX )( 1-5X+2aX )r +( 1-2x+2aX )( 1+5X-2aX )r -( 1-7X+4aX )r-( 1+X )=0. 


Hien 


(i) R is starlike in | z[ < r. , if 0 < r j< r^ and 

(ii) S’ is starlike in | z| < r_, if r < r < 1 where 

X C — » 

r^ = [ (-c(H-2 x( 1-a) ) +/ (l-a)(l“or2X+4X (l-a))] 


4X(l-X+aX) « (l-a) . 

r. =[ =11-]^ 

(4aX( 1 -X+aX )-( 1 -a)( 1-2X ) ) + / 


where W** ii 


W*^( ( 1 -a) ( 1 “2 X)-4 aX( 1-X+aX) )^-{4 x( 1-X+aX)-1+a)(8aX( 1-X+aX)‘*( 1-ori4 aX) ) • 
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The bounds for |z| (i) and (ii) are sharp for the functj.oas ^iven by 

(5.5.6) and (3.5.7 ) with g= 1 , 

Ihe corollary is obtained from the theorem by putting g = 1. 

A similar result has been obtained by Nikolaeva and Repnina f 56 1 

Remark 5.5.1 t (a) Putting X = I/2 and g = 1 in Theorem 5.5.1 and 
proceeding on the similar lines as in ttieorem 3.4.1, we get the result 
determined by Singh and Gtoel [78] . 

(b) Taking X = 1/2 and (o<, p) = (0,l) in Theorem 5.5.1, we obtain the 
corresponding result due to Livingston [ 391 . 

(c) For different values of the parameters a, 6 (O <1, 0 < B j< 1 ) 
in Theorem 5.5.1, our results yield, analogous results for the classes 
of functions of tne form (5 . 1 .6 ) vdiere f belong to the classes S (d), 
S’XyOjS* (l-a) and S*i^) respectively. 

Theoraa 5.5.2 : Let P (z) be in G*( a, 6, x) aM let r ,r, and r„ be the 
__ ^ __ 01.2 — 

same as in IHieorem 5.5.1. ^en (i) P is convex in [z I < r^ for 
0 < r < r^^ and (ii) 4s convex in jz | < r^ for < r <1^ The 
results are sharp s 

Proof : Since P^ e G*(a, g, x), (5.1.6) gives 

(5.5.10) z PJ^ (z) = (l-X)(zf'(z)) + Xz(zf'(z))' 

where f e C (a,B). pius by Remark 2.1,2 and Theoraa 5*5. 1* it follows 
that zP)^^ is starlike in fz ] < r^ for 0 < r £ r^ and is Starlike in 
|z I < rg for r^< r <1 where r^, and rg are same as in Theoron 5.5.1. 
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Again, applying Remark 2.1.2, the theorem follows. 


Bae functions given by 


(5.5.11) 

OrYld 

( 5 . 5 . 12 ) 


1 


+ 2 


£1 
f ' 


1 - (2aB-l)z 
1 - (23-1) 2 


1+2 



1 - 2agb2 + (2ag-l)z^ 

1-2lsb2 + (23-1)2^ 


where b is deteimined by the relation (5.5.8), show that the results 
contained in the theoraa are sharp. 


Remark 5.5.2 : (a) A result similar to Rikolaeva and Repnine f Sfil 

can be derived from !Eheoraa 5.5.2, by putting g = 1. 

(b) Putting X = 1/2 and (a,8) = (0,l) in Bieoraa 5.5.2, we get the 
result obtained by Livingston [^J . 

5.6 The radii of starlikeness for functions in H*(a,6,x) and ti*(y,<S,x). 

00 

Let f(z) = z + 'I a z be analytic in A and g e S* 
n;=2 

MacG-regor [4^ determined the radius of univalence of the class H 
of functions f(z) satisfying }f(z)/g(z) - l| < 1 for z e A- He also 
obtained the radi\isof univalence and starlikeness for the subclasses 
of H when g e S* or C . Ratti { 70] , then obtained the radius 
of univalence and starlikeness of f(z) isiien g is starlike of order 
a(o a < 1 ) in A . Later, Padmaaabhan f 59 ,60 1 considered the 
classes of fUrctioce f(2) satisi^iag , 

- 1 |< s, 6 < «<i 


(5.6.1) 
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vAiexe g e S* or S* respectively and deteimined the radius of univalence 
and starlifceness for functions in these classes. Recently, Shah [77] 
considered the class H^(a,i,X) of analytic functions f(z), given 
by ( 5 . 1 . 1 ), and satisfying 

f(z) 

(5.6.2) |- — — - 1 1 < 1 

Xf(z) + (1-X)g(z) 

for z e A> 0 < X < 1 ^od g e S*,^. He determined the disc in which f 

— 

is univalent and starlike. However, 1he results obtained by Shah f 77] 
are not sharp. 

In this section, we first deteimine the radii of starlikeness 

00 

for the class of functions f(z) = z + ^ a z^ analytic in A 

n=2 ^ 

and satisfying (5.6.1 ) for some ge5* (y)« We then generalize the 
results of Shah f 77] by determining radii of starlikeness for functions 
io. f^(^)^>^)» We also obtain the radii of starlikeness for functions 
in b^(Y,^,^). Ihus we have the following results : 

Theorem 5.6.1 : Let f(z) be in H*(y,6) and let 6 ^(y)=1/4((i-2t)+/(4y^ ) )• 
further, let = {(y, 5) ; 0 < y ^ 1, 0 < 6 £ 1 }, I^={(y, 5) : 0 < y ^ 1, 
6^(y) ^ i 1 ^2 ~ ^^1 ^ ~ ■f(Y>^) ♦ 0 Y 1. 1, 1 / 27 ^ <5 < 1 } and 

I 3 = U^^I^yig). Ihen 

(i) f is starllke in | zj < r^ for (y> 6 ) e aud 
(if) f is starlike in I z| < r^ for (ytS) g vdaere 

r^ = (y + 26)""' 
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and. is the smallest positive ipot of the equation 

(6-y^+6y^)/ +2y«S T + (l-6+Y^)r^-(l-iS) = 0* 


Hhe estimate (i) is sharp . 

Proof : Since f e H*(y,s), we have 

(5.6.3) ||^ - ll < 6, C < 6 < 1 

for some g g S*(y) and 0 ^Y 1, z e A. Hius, by Schwarz's Lemma, 
we have 


(5.6.4) 


f(z) = (l-'Sm(z))g(z) 


where m e B. Differentiating (5.6.4) logarithmically, we have 

za*'(z) 


(5.6.5) 


f’(z) g'(z) ' f 

"frtr = ^ 




1 -603 (z) 

Applying (3.2.2) with k = 1, s = 0, t = -6 and using (2.3.5) with 
Cl = (1 -y)/(i+y) and 6 by (i+y)/2 in (5.6.5), we obtain 


. \ f'(z) 2 1 (-3) ^r-jr-p(z)j 

(5.6.6) Re {z 77 -^} >•:— +7 [Re ~ ^ * 

(l-r^)lp(z)l 


f(z) “«|4Yr 6 p(z) 2' 


An application of Lemma 3.2.3 with k = 1, (i = s = 0 and t = -6 to 

( 5 . 6 . 6 ) gives 


( 5 . 6 . 7 ) Re {z > 


■7 [ ( 1+Yr ){ /( 1 S )( 1+6r^ )-1 }+ 6 ( 1 -r^ )] 


6(l-r )(l+Yr) 


1 - (Y’t2fi)r 
(l4Yr)(l--6r) 


if R^ > R^, 


if So^«1 





The estimate (i) is sharp for the functions glrm by 


f(z) = (l-te) gla) i g(z) = — j . 

(i-v=r 

Remaris: 5.6.1 ; Bitting (y, 6) = we obtain the corresponding 


Insult obtained by MacGregor 
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Bieorgg 5.6.2 t Let f(z) be ig H*(a,S,x)>ef-(^' 0 < X < l/(l+6), 

Jx 

0 '5 5. 1 > let be the smallest positive rooti vjfaich exists in { 0 , 1 ) 

of the equation 

( 5.6 .8) Xk<S^r^‘‘'^-2A6^r^'^"’-Xi5;(5^r^+26(2X-1 )r^'*’ "*->*( 1-x)r^+2( 1-x)r- 

-k(l-X) = 0| 

then f is starlike for ] z] < is the smallest positiire 

root of the equation 

2 3k 2k: 

(l-2a)X5 r +6((l-k)-2a(l-2X)-X(2-H5))r +(-1-6(l-*)+X( 1+26 )+ 

+2a(l-X))r^+(l-X) = 0 

if 0 < :ir ^ and f is starlike for ] z\ < r^j vtiere is the smallest 
positi-ye root of the equation 

.k 2 2 3k: 

[4( 1-X)+8a(l-X)r +4((l-X)(2a-1 )+X6 (4 Xk-2k-1 ))r -4X6 (a+2k-4Xk)r 

-4X5 ^(2a-1+2k-4Xk )r'^^]( 1-r^ )-[ 6( (k+1 )^-4Xk )r^“V26 (k^-1+2a( 24k )- 

-4aXk)r^"’' + 6((2a-1 )^+k^+2k(2a-1 )(l-2x))r^^“^] (l+r^)+2(26k(l-2X)+ 

+ 8X5 ( 1“ X )— 6 ( 1— k ))r ^ + 26(k — 2— 2k+(2a~l) +8X(l— X}+4Xk(l— 2®) 

. , ^ 5k+1 ^ 

+ 4ak ) r = 0 

if r < r < 1 . Hie estimate in 1st part of the theorem is sharp for 
— o — ' ~ 

the functions ^ven by 

k ^ 

( 5 . 6 . 9 ) f(z) = (l“6z ) g(z) 5 g(z) =“ jj 2 ( 1 - ctj/ic * 

(l-z ) 

Proof ; Since f e W^(a,5,;X), vre haTe ' ^ . 
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(5.6.10) 


f(z) 


Xf(z) + (l-x)g(z) 


- 1 < <S 


for some 6, 0 < 6 < t, g e 5* , and 0 < X < 1. Olius, by Sdiwarz's 


a 9^ 


Lemma 


(5.6.11) 


1-6z^ ^ w(z) 
t(^)^ — k-i' ; 

1 + TZ W(.Z J 


where t = X6/(l-x) and to eB* Differentiating (5.6. if) logarithmically, 
we have 


(5.6.12) 



S'(z 

g(z 



z^ (o’(z)+(k-1 )z^ ^a(z) 
(l-6z^ ^a3(z))(l+TZ^ ”* aj(z)) 


}• 


Applying (3.2,2) with s = t and t = -6 and using (2.3.5) with 6 = 1 
in (5.6 .12 ), we get 


(5.6.13) Re {z > (l-2X)k + 


1+(2a-l)r 


+ -^ [Re {kT p(z) + 


1+r 


k 



>- 


r^jx p(z)+6l^-ll-p(z)l^ 
r^ ^ (l-r^)lp(z)| 


J 


where p(z) = (l- 5 z^ a)(z))/(l+TZ^ ^ <j)(z)). 

An application of lemma 3.2.3 with q = xk, s = x and t = -6 to (5.6.15) 


gives 
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' ( 5 . 6 . 14 ) ^ 


6r^ ^(l-r^)(l+r^) 


[ 2 ( 1 +r^ )’^ -2 ( 1 - X- X6^r^^ ) ( 1+r^ )^ 


+(2a-Hi:(l-2X))r +6r '(l+(l-2x)k)(l-r )] 


So 


( 1 -2“ ) X6^r^^+6 ( ( 1 )-2( 1 -2x )a-^( 2+5 ) )r^+ 
( -1 -5( 1+k )+X( 1+26 )+2a( 1-X) )r^+( 1-x) 


(l+r^)(l-6r^)(l-X+ X6r^) 


if E < E^ 
0 — 1 


where 


, . i^-1/ 2. 2 2kw. .2 , s k-1/ 2v 2^ 2k. 

M = (l-6kr (l-r )-6 r )((l-X) +6Xk(l-x)r (l-r )~X 6 r ), 


E? = 


k-1/ 2v ,2 2k 
1-6k r (l-r )-6 r 


1-6r 


^ , ^“1/^ ‘-\ ‘ 
1+Tk r (1-r j-T r 


2 2k 


and E^ = 


(l + Tr ) 


The result now follows easily from (5.6.14) by proceeding on the 
similar lines as in Theorem 5.2.1. 


Remark 5.6.1 : (a) A result similar to Shah [77 ] for the range 
0 ^ S 1/2 can be deduced from Iheorem 5.6,2, by putting 5=1, It 

can be noted that our estimates are sharper than those obtained by 


Shah [ 77] • 

(b) Eor k= 1 and X= 0 in Theorsa 5.6.2, we get the corresponding 
result obtained by Padmanabhan [60] . 

Putting X= 0, k = 1 and 6 = 1 in Theorem 5.6.2, we obtain 
the following result due to Eatti [70] which also generalizes the 
corresponding result due to Mac Gre^r [45 ] • 
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2 2 

Gorollaiy 5.6.2 : Let f(z) = z + a^z + ... and g(z) = z + b^z + ... fee 

analytic in a and g e 5* A . If jf(z)/g(z)-1 | < 1 for z e A, then f 
is uniyalent and starlike for jzj < r*, v'faere r*=( (2a~5 )+»^(9*^o+4a ))/4a 
if “ 0 and rV« = l/3 a = 0. Ihe result is sharp for the functions 

given by (5.6.9 ) with k = 1 , 5 = 1 . 

Ihe proof of the following theorem is similar to the above 
th eo rem h aice omitted . 

Theorem 5-6.5 ; Let f(z) be in H* (t,6 t x). - foy 0 ^ X _< l/( 1+d )» 0 < 6 ^ 1 > 
let r^ be the smallest positive root^ yfaich exists in (o, 1 ) of the 
equation (5 .6 .8); then f is starlike for |z| < r^ > vfaere r^ is the 
smallest positive root of the equation 

p l<r 

Xy 5 r +6(Y(l-k)-x(6+2Y))r -(Y(l-x)+d(l4k)-2X5 )r + (l-x) = 0 

if 0 < r ^ r^ and f is starlike in |z j < r^, wheia r^ is the smallest 
positive root of the equation 

k 2 2 2k 

4 [(l--x)+(l’TX)(l-Y)(k-1-2Xk)r +(x(4xk-2k-1 )d -Y(l-X)+Yk(l'^)(l-3X+2X ))r 

-X6^((Y-l)-tk(l-2X)(l+Y))r^^+XY6^(l-k(l+Y)(l-2x))r^^](l-r^)+[5(4Xk - 
-(k+l)^)r^”^ + 25((l-k^)+4x(l-x)(l-y)k^)r^”^-6((l-2k+k^)+4xk(l-k+Xk}+ 
+4Xk^^(l-X))r^^“''] (l+/)-26((l-2k.;^^)-8x(l-X)+4Xk)r^"^V2d((l^f+ 
+4Xk-2y^(l-2X)^+4xV(l-y'^))r^^'^’' = 0 

if ^ < 1 • Kie estimate in 1st part of the theorem in sharp for the 

functions given by 
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f(z) = (l-iSz^) g(z) ; g(z) - — , . 

(i-Yz r 

Remajrk 5»6.3 s X = 0, k = 1 and (y ) = (l,l) in Haeoroa 5.6.3 leads 
to the corresponding result obtained by MacGregor [^] . 

Hie following results can easily be deduced from the above 
two theorems by making use of the fact that f e C, (a,6) if, and only 
if, zf* e 5*(a,g). 

Theorem 5.6.4 : let f(z) be in !^(a)6,X 0 < X < i/(i+<s),o< 6 < 1 

and let and r^ be the same as in Theorqn 5.6.2. Then (^.) f is 

convex in jzj < r^ for 0 < r ^ r^ and (ii) f is convex in jz[ <'^ 2 . 

^o — ^ 1 . The estimate (i) is sharp for the functions given by 

f'(z) = (l-6z^) g'(z); g.( 2 |.= — . 

Theoraa 5*6 .5 : let f(z) be in S.^(Yf d,x) .■foie . 0 X _< l/(l+^), 0 < 6^1 

and let and r^ be the same as in Theorem 5.6.3. Hien (i) f 

is convex in | z [ < r^ for 0 < r ^ r^ md (ii ) f is convex in \z\ 

for Tq ^ r < 1 . The estimate (i) is sharp for the functions given by 

f'(z) = (l-^z^) g’(z) ; g’(z) = 2 A * 

(l-YZ ) ^ 



CHAPTER VI 


EEEEGT OE SECOlH) COEEPICIENT OH CERTAIN PROPERTIES 
OE SUBCLASSES OE UNIVALENT iUNCTIONS 

6.1 Let 

2 . 

f(z) = 2 + a^z +..... 

be analytic and univalent in A . The effect of second coefficient 
on various properties of f e S has been studied by several workers. 

Ihus, in 1920, Gronwall [22_] obtained growth theorems, involving the 
second coefficient, for the class of convex functions. Einkel stein 
mi and lepper m studied tiie effect of second coefficient on 
certain properties, e.g. , distortion theorems, radii of convexi'ty etc. 
of starlike and convex functions. Later, Padmanabhan [62 ] , McCarly 
[ 51 » 52] and others extended this type of study by considering star- 
like and convex functions of order a(0^a < l). McCarty [51 ,52) 
also obtained distortion theprems, radii of convexity etc., for the 
class of functions with fixed second coefficient, whose derivatives 

have a real part greater than a(0^a<l)in A. Recently, the radi- 
us of starlikeness and convexity, involving second coefficient, for 
the class of functions of ihe fbrm l/2(sf(z))' lAhere f e S* has 
been obtained by Al-Amiri [^1 , 

Eor a unified study of the various classes of functions with 
fixed second coefficient, we first introduce the class P(a,B) as follows. 
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Definition 6.1.1 ; let p(z) = 1+ h^z Hv#... be analytic in a • 

Siaa p e P(a,g) if 

(6.1.1) J(p(z)-l)/{28(p(z)-a)-(p(z)-l)}j < 1 

holds for some 8 (O ;< a < 1 , 0 < 6 ^ 1 ) and all z e A . 

It can be easily seen that [b^ j ;5_2(l-a)S . Ihrther, we note 
that if e = exp {-i arg b^} , then p(ez) = 1 + |b^ |z+.....acKj so, to 
limit our study of P(a, g) to functions with a non-negative first 
real coefficient is actually no restriction. Hence, throu^out ttiis 
chapter, we shall take the fixed coefficient to be real and positive. 

Now we define the following classes: 

P(b|a»6) = {P e P(a,3): p'(o) = 2b(l-a)6,0 <.b £ 1} 

R(a;a,6) = {f(z) = z + a8{l-a)z^+. . . : f* e P(a;a,B),0 £a £ 1} 

2 

S*(a;a,6) = {g(z) = z + 2ae(l-a)z +....:zg'/ge P(a;a,6)>0 £a £ 1} 
l/*(a;a,B) = {jS'(z) = 1/2 (zf(z))’; feS*(a;a,B)^ • 

In the present chapter, we first determine growth Iheorems for 
functions in the classes P(b;a,8) ^d P.(a;a,g). We then obtain 
sharp estimates for the radii of convexiiy for functions in R( a; a,e) 
and S*(a;a>8). ilnally, we determine the exact radii of starlikeness 
for functions in the class y*(a;a,g). It will be seen that, for 
different values of the parameters <31 and B , our results not only 
yield the results obtained earlier ^ Tapper [ Siy > Goel [ 20] > 

McCar-^ [51 , 11-Amiri ill etc, ^t also give rise to analogous 
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results for a number of oliier subclasses of univalent functions. 
6.2 Growtii theorems for functions in P(b;a, g) and l?(a; a, g). 

We require the following lemmas. 

lemma 6.^.1 : let z j = a^ z +. . . be an analytic fAnction mapping 
the uoijfe...di.s.c ^ntc^ itself . Hen |a^ | < 1 and 


|a)(s)| 


r(r+la^ |) 
“ (l+la^lr) 



He above lemma is the iterated form of Schwarz's lemma and 
is due to iSwner [40] . 

lemma 6.2.2 ; let m(z) = a^z+. .. be analytic for jz ] < 1 and m^ 
the unit disc onto itself. Hen the values assumed by the function 
H(z) = (l+(2a6-l) a)(z))/(l+(23-1 )cd(z)) for |z| < r <1 lie within ttie 
circle whose diameter is the straight line segment joining the points 

p p 

1+2a6br + (2ag-l)r 1+2(l-aB)br+(l-2aB)r 

' ' ' ' - - - ■ ^ ' 2 * 

l+2Bbr + (26-l) r 1+2(l-3)br + (l-2B)r 

^ \ax\ 

Proof ; It is easily seen that the function (l+(2ctB-1 )c)/(l+(2B-l)5) 
with 0<_a<1, 0 < maps jcj < r' <1 onto a disc #iose 

diameter is a strai^t line segment joining 1116 points (l+(2aB-1 )r' )/ 
(l+(2B--1 )r' ) and (l-(2aB-1 )r' )/(l-(26-1 )r' ) of tide real axis. He 
function u(z) satisfies the conditions of lemma 6.2.1 and so 
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UCz)! lr(r+ |a^ |)/(l + |a^ [r), |z | = r. 

Setting ^ = u(z), we note that for |z| < r, we hare < r' where 

r' = r(r+|a^ j)/(l+|a^ jr)« Hence, the -values assumed by 

H(z) = (l+(2ae-l)m(z))/(l+(28-l)a>(z)) in [z| < r are among the values 

assumed by (l+(2ag-1 )c)/(l+( 23 - 1 )?) in j?| <r*. Ihus the conclusion 

of the lenma follows. 

(theorem 6.2. I t If p e P(b; a, g), -then for 0^a<1, 0 < g^1, 
z e A 

1+2( 1-ag)b Iz I +(l-2aB)|z| 

(6.2.1) !p(z)|1 2 — 

1+2(l-6)b jz I -(26-l)lz| 

1-*2agblz|+ (2ae-l)|z|^ 

(6.2.2) Re {p(z)} > ^ * 

1+2gbjz]+ (26-l)|zl 

The estimates are sharp * 

Proof: Since p eP(b;a, g), by Schwarz’s lemma, we have 

1+(2ag-i )(o(z) 

(6.2.3) p(z) = 

1+(2g-l) (o(z) 

vhere w e 8. (6.2.3) gives 

1-p(z) 

iD(z) = = - fbz +. ... 1 

2g(p(z)-a)-(p(z)-1 ) 

dherefore by Lemma 6,2.2, p(z) assumes values lying in the disk K, 

2 2 

On the line segaent jo i ning the points (l+2agbr+{2ag-1 )r )/(l+2gbr+(28-1 )r ) 

2 2 

and (l+2(l-ag)br + (l-2ag)r )/(l-‘2(l-g)br + (l-2g)r ) as diameter. Ihus, 

If h(z) = (l+2(l-ag)bz t (l- 2 ag) 2 i )/(l+2(l-e)bz + (1-2B)z ) then, since 
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h(o) = p(o) = 1 and h ii tl^valent in a , it follows that p is 
subordinate to h. Hence we have 

1+2(t-ae)b lz|+(l-2ae)|z|^ 

(6.2.4) ip(z)j <- P — 

1+2(l-e)b|zl-(2B-l)lzr 

and 

1+2aBb jz |+(2aB-1 ) |z P 1+2( 1-a6)b |z |+(l-2ag) fz 

(6.2.5) 5 — lRe(p(z)) £ — -p- . 

1+2BblzI+(28-l) lzI 1+2(l-8)b jz |-(26-1 ) |z | 


Thus the theorem follows from ( 6 . 2 . 4 ) and (6.2,5). 

Equality in (6.2.1 ) and (6.2.2) holds for the functions 


P^(z) = 


1+2(l-ag)bz + (l-2ag)z^ 
1+2(l-g)bz-(26-l) z 


and 


>(z) 


1-2a3bz + (2aB-l)z^ 


1-2 8 bz + ( 28 - 1 ) z 


2 • 


Putting 8 = 1 iu Iheoran 6,2.1, we get the following growth 
theorems for functions in P(b;a, 1 ) due to McCarty [51] , 

Corollary 6.2.1a : _If p s P(b;a,1 ), thm for 0 a < 1 , z e h 

1+2(l-a)blzi+ (l“2a) Izj^ 

1p(^)1<_ — 

1-IH 

I o 

1+2ab |zl+ (20-1 ) lzr 

Re (p(z)) L ■■p’"' • 

1+2b|z|+ jz| 

The estimates are sharp . 

Corollary 6.2.1b [81] ; If p e P{b;0, 1 ), then for z e A 
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\M\ 


1 + 2b {zf + jz]' 


1 - z 


Re(p(z)) > 


1 - Izl 


.2 


1 + 2b }z}+|z|^ 


Q!he iaequalities are sharp . 

Ihis result is obtained by taking (a, g) = (o,l) in Iheoreoi 6.2.1 
and is due to Tepper [81] . 


Olieoraa 6.2.2 : If f e R(a; g)» then for 0<^a<1, 0 <8^1, zeA 

1 + 2(l-a8)alzl + (l-2ae)lz|^ 

(6.2.5) lf'(z)| < 5 — 

1 + 2 ( 1-8 )alzl-(28-1 )|zp 

1 + 2a8a|z| + (2a6-1 ) Iz 1^ 

(6.2.6) Re{f'(z)}> 

1 + 2ag|zl + ( 2 B-I ) |z } 


Ihe estimates obtained in the theorem, are sharp . 


Proof : IDaeoreiiL 6.2.2 immediately follows from Bieoraa 6.2.1 by 
putting p(z) = f'(z). 


33ie results in (6.2.5) and (6.2.6) are sharp for the functions 
gL-ven by 


(6.2.7) 


and 


( 6 . 2 . 8 ) 


z 1 + 2(l-a8)at + (l-2a6) t ' 

f (z) = / dt 

01 + 2(l-8)at - (2e-l)t 


0 

z 1 - 2a8at + (2a8-l) t 
f (z) = / — ^ dt 


o 1-2a6t + ( 26 - 1 ) t^ 


for a = Izl and z = “jz| respectively. 
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Putting 6= 1 in Hieorem 6.2.1, we get the following growth 
theorems due to McCarty [SlJ . 

Corollary 6.2.2a ; Jf f e R(a;a,l), then for 0<_a< 1, ze A 

1 + 2a(l-a)|z{ + (l-2a) jz|^ 




He (f'(z)) i 


1-ur 

1 + 2aa|z| + (2a-1 ) [z 


■ 2 


1+2a|zl+|z| 

The estimates are sharp for the functions given by (6.2.7) and (6.2.8) 
with . 6=1. 

Corollary 6.2.2b [20J : If f e K (a; (l-a)>l/2), then for z e A 


f ’(z) 1 


Re(f'(z)) _>• 


Ihe estitaates are sharp. 


1 + (l+a)a|zj + a|z|^ 
1 + a)zl 

1 + (l-a)a jz 1 -a|z 


1 + a jz 


This result is obtained by replacing a by 1-a and 6 by l/2 in 

Theorem 6.2.2 and was obtained by Gtoel [20]. 

2 

Corollary 6.2.2c : If f(z) = z + a yz + ... such that f e R (y), then 
for 0 < Y < 1 , z e A 

1 + (l+Y)a]zl + y|z|^ 


lf’(z)l < 


Be (f’(z)) i 


1 + (l-Y)a)zl - yIzI^ 

1 + (i-y)« Izl - y\z\^ 

2 

1 + (l+Y)a fzj + y1z| 
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!Ehe estimates are sharp ; 

Ibis result is obtained by replacing a by (i-y)/(1+y) and $ by 
(1+y)/ 2 in Theorem 6.2.2. 

6.3 Ihe radii of convexity for functions in R(a;ot,$) and S*( a;a,B). 

To prove the main results, we require the following lemmas. 

lemma 6.3.1 i p(z) = (l+taj(z))/{l4-sa)(z)), to e B, then |p(z)-^A^| ^ 

for 0 ^ b ^ 1 , where 

(l+br)^-str^(b+r)^ (s-t)r(b+r)(l+br) 

^ (l+br)^-s^r^(b+r)^ ’ ^ (l+br)^-s^r^(b+r)^ 

and z e -1 1 1 <S 6 1. 


Proof : Since p(z) = (l+tto(z))/(l+sto(z)), we have 

1 - p(z) 


(6.3.1) 


o(z) 


= - [bz + ...] = -Z(p(z) 


sp(z)-t 

where 4> is analytic and i't>(z)! ^ 1 for z e A with (j)^(o) = b. How, since 
( 4>(z)”b)/(l-b<))(z) ) is subordinate to z, it follov/s that 4>(z) is sub- 
ordinate to (z+b)/(l+bz) and • 

1 - p(z) ( ]z|+b) 

|o)(z)l = 1 — 1= |zij)(z)l £ |zl 


sp 


{z)-t 


(l+blzl) 


Thus, we have 
( 6 . 3 . 2 ) 


1-p(z) , , dz} + b) 

— —I 1 Ul - .V . 

sp(z) - t (l + b jzj ) 


let p(z) = 5 + in. On simplification, (6.3.2) gives 
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(l+br)^-str^(t>+r)^ , „ (s~t)V(b+r)^(l+br)^ 


( e g" g g — ^) + ri 

(l+br) -s r (b+r) 


( ( 1+br)^-s^r^(b+r 


( 1+br)^-str^(b4-r)^ (s-t)r(b+r)( 1+br) 

(l+br)^-s^r^(b+r)^ ^ ~ (l+br)^-s^r^(b+r)^ 

Hence |p(z) - j wheare and are same as defined in the 

lenma. 


Iiemma 6.3 » 2 : ^ p(z) = (l+tm( 2 ;) )/(l+stD(z) ), to e B, then for \z\ = r, 

0 < r < 1 , we have 

. r^lsp(z) - t|^ - 1 1 - p(z)l^ 

Re{kp(z) + -T-y} 2 

(l-r")lp(z)l 


(6.3.3) 


-g t ( 1+t)(l-tr^ )( 1+k( 1-r)-s^r^ )-(l-^str^ ) 1 

if ^ R’ , 

Jf'* ^ 1 


where 


(6 .3.3; a) Tlf=(l+k-k:r^“«^r^)((l+br)^-str^(b+r)^--(s-t)r(b+r)(l-t-br))^ 

+ (i+t-tr^-t^r^) ^ 

((l+bf)^-s^r^(b+r)^)-2(l-str^)((l+br)^-s^r^(b+r)^)((l+br)^- 

-str^ (b+r )^—( s-t )r( b+r )( 1+br) ) , 

(6 .3 .3 ;b ) W^( 1-r^ )( ( 1+br )^-s^r^(b+r)^)( ( 1+br)^-str^(b+r)^-(s-t )r(b+r)( 1+br)), 
and R'^ = (l+t )(l-tr^)/(k(l~r^)+1-s^r^),Ejj=-&^-Bjj v^iere 

defined as in Lemma 6.3.1 and k ^ s, -1 yi t < s 1. 
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Proof : Let p(z) = + ^ + in and == (A^+5)^+n^ with |z| = r« 

Denoting the left hand side of (6.3-3) by then 

(6.3.4) Uj^(C,’l) = k(^+C)+t(i^+5)E + — [ {(-Ajj+S)”-^^ + n^-D^] ^ 

1— r 

and 

au, 

(6.3.5) 
where 

1-sV 1-sV 

(6.3.6) Y^{K,r\) = -2t(Aj^+5)+(D^+2A^(A^+c)-A^)( ^)r +— — — E^. 

1-r 1 -r 


Denote by I’^(r) the right hand side of (6.3.6) wi-fii E eos ip = A^ +C , 
then 


, 2 2 . 2 2 
1 ““3 r j •“S r 

E^(R)=-2tE cos ifi' + (D^-A^+2A^ cos tps) ( —) E + ( ^) 

1-r 1-r 

1 2 ^ 2 2 
1-s r - „ _ 1-s r 

= 2 [A e( ^)-t] E cos ip + (d^-A^+E^) ( ^)e. 

1-r 1-r 


function ^^^(e) increases with increasing E. Since E cos ip is the 
pro;iection onto the real axis, it must lie on the diameter of the circle 
of lemma 6.3.1; iUrther, we have E cos 4* ^ A^ " ^1 for a fixed 

r, 0 <r < 1, Ajj ~ as b increases over the interval [0,1]. 

fflius, for aH b, 0 ^b ^1, 


Geometrical considerations show that for R e 


A^ + 1^1 the 


.. .2 2 

1-s r 


p^^(e) = {2[A^(A.-D ) ^ -t] + [d^-a^+(a^-d^)^( —)} } (a^-d^ ) 

1-T 1-r 


H 2 2 

1-s r 



133 


Hence the miiiimum of U^(5,n) inside the circle |p(z)-^| < is 
attained on the diameter. Setting ri= 0 in(6.3.4)> we obtain 


(6.3.7) I^(e) = (k + g-)E + 


1-8 V (l+t)(l-tr^) 

N-r> • T-s * 


/ 2 2 

1-s r 


1-r 


(1-r^) 


E 


- 2A^( 2 ) 


1-r 


where Ej^ = + C e [Aj^ - 1^, A^^ + 1^] . Ilhus the absolute mij 

I]j^(e) in (0,'») is attained at 

^ o r\ n J 


of 


(6.3.«) 


E' 


k(l-r ■) + 1-s'^r 
and the value of this minimum is equal to 


(6.3.9) Ij^(E') =-1-^ [ /{k(i_r^)+i_g^r2} (i+t)(l-tr^) - (l-str^)]. 

1-r 

It can be easily seen that E' < ^ + D^; but E’ is not always 
greater than A^^-D^. In such a case, when E' i ], the 

minimum of Iijj(H) on ihe segnent [A^^-D^ , Aj^-i-li|^ ] is attained at e^ = 

Ihe value of this TnlnlTnum equals 

where W and W* are given by (6.5.3;a) and (6.3.3»b). Moreover 
I^(e') = I' 13(E|^) fortiose values of k, s and t for viiiicih Ej^ = E*. Hence 
the lemma. 

■ X* 

2 

[Ghe class R (a;a,g3 . If f(z) = z + a2Z + ... is inR(a,6), liien we have 


shown in Hieorem 4.2.1 that jagj ^g(l“‘®). Define 

R(a} a,S) = {f(z) = z + a^l— cx)z^ +...: f'e p(a;ci,6)> 0 ^a ^1}. 
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Goel[^] obtained the radii of convexily for the class R(a 5 1 -a,l/ 2 )^(a;a), 
1/2 5 . 0 * < I - Recently, McCarty [52} determined exact radii of convexity 
for the class R(a;a,l) = R(a;a). Here we determine a sharp estimate 
for the radii of convexity for functions in K(a;a,5). IHius, we have 
the following result : 

theorem 6 . 3 » 1 i Each f e f? (a;a ,3 ) maps |zj < pr onto a convex region 
where r' is the smallest positive root of the equation 


1+4a6ar+(4ae^a^-2( 1+B-3a2 ))r^+4S(2ae-1 )ar^+(2R -l){2a6-1;)r*^ = 0 
if E > R' r'= [{-aB + »4(l-2aB+a8^) } /(l-2ae) if E < E*, ii^ere 




1 + 2a3ar + (2ae-'l)r^ a(l-(2aB-1 )i*^ -/o 

, E' = (: 


1 + 23 ar + (23 -l)r^ 


1-(2B--1 )i 




and r = ! z] < 1. Ihe result is sharp for each a, 8 (0 5a< 1 , 0 < 35I) 
and 0 5 . SI • 

Proof : Since f e R(a;a,6), we have 

1 + (2aB-l)u(z) 


(6.3.10) 


f’(z) = 


1 + (2B-I ) a)(z) 


where u e B . Logarithmic differentiation of (6 .3.10) gives 

z tJ(z) 


(6.3.11) 1 + 


= 1 - 2B(l-a) 

^ ( 1 +( 23-1 




) a)(z))(l+(2a3-1 ) a)(z)) 


Applying (3.2.2) with k = 1, s = 28 - 1 , t = 2 ae -1 to ( 6 , 3 . II), we get 
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fn(„\ 1 2ae-1 

(6.3.12) Se {1+Z77|ff} [Re{(2g-l)p(z) + -^ > 

r^I(2B-l)p(z) + 1 - 2a6|^ - |l - p(z)|^ 1 - 2a0 

(l-r^) jp(z)| 6(l-ot) 

where p(z) = (l+(2a6-1 )a)(z))/(l+(28-1 ) w(z)). 

An application of Lemma 6.3-2 with k=s=28-l, t= 2a8-1. to (6,3.12) 
gives 

— [ A a8^ ( -I _( 2 8-1 )r^ ) ( i +( i -2 ofi )r^ )- 

P(l-«)(l-r2) 

-(l+(l-2a6)(2B-l)r^)+(l-2a6)(l-r^) 1 

if E < S’, 
a — ’ 

1 -H agarf (4 8^ aa^-2 ( 1 + 8-3 a6 ) )r^ 

+ 48(28-1 )(2a8-1 )ar^+(28-1 )(2a8-1 )/ 

(l+28 ar4-(28-l)r^)(H-2a8ar+-(2a8-l)r^) 

if E„ > B‘ 

where 

1+2ctBar+(2a8-1 )r^ a(l-(2a8-l) r^) -./o 

E ^ , E» = ( , 0 < a ±U 

1+28ar + (28-1 )r (l-(2^-l)r ) 

Now the theorem follows easily from (6.3.13). 



The functions given by 

1-2a6az + (2a8-l) z^ 

f»(z) ^ if E > SS 

1-28az + (23-l) z 

1-2a8cz + (2a8-l) z^ * 

fKz)=- ifE< E' 

1-28cz + (23-1 ) z 

where c is determined from E ^ fi’, show that the results obtained 

O' .. " -.'I'-: ■■ 

in Hie tine orem are sharp. 
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Putting 3— 1> iQ Iheorein 6.3 •1^ we get the following result due 
to McCarly [52 ] . 

Gorollaiy 6 .3 » 1 a : Each f e R(a;a) maps j zj < r' onto a convex region 
where r^ is the smallest positive root of -ttie equation 

l44aar + (6a-4+4aa^)r^ + 4(2a-1 )ar^+(2a-1 )r^ = 0 
if E’ r'= [{-a+ A (l-a)}/( l-2a if E^_< E» where 

1 + 2aar + (2a-i )r^ a(l - (2a-l) r^)|- 

E^ = 2 » — 2 ^ ^ 

1+2ar+r 1-r _ 

0 a ^ 1, 

!Ehe result is sharp for each a, 0 < a < 1 and 0 < a < 1. 

Gorollaiy 6.3.1b ; Each f e R(a;a) maps | z| < r* onto a convex region 
where r^ is the smallest positive root of the equation 

1 + 2(l-a)ar + ((l-a)a^-3a) r^ -2aar^ = 0 

if R > R* and r'= [{-(l-a) + /( 1-a)( 1+3a )}/2a] if E < E% where 

2 

1 + (l-a)ar - or 2 l/2 

R = , E' = [ (l-a)(l+ar ) Y' and r = [z j < 1,r 

1 + ar 

The result is sharp for each “ (O ^ a < 1 ) and 0;f,a^1. 

Ibis result is obtained by replacing a by 1-a and 3byl/2 in 
Iheorem 6.3.1. It may be noted that this result was obtained by 
Goel [20] under the additional restriction 1/2 < 

Gorollary 6.3.1c : If f(z) = z '+ ay z + .. • such that f e RC'Y ), then f 
_ma£S |z| < r' onto a convex region where r' is the smallest positive 
root of the aquation 


1 ; 
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1 + 2a(l-Y )r+(a^(l-ir^) - 4Y}r^-2aY(l+y )r^ - = 0 

M. \ t and r'= I{(y^-i) + '4l-Y^)( 1+4Y-4Y^)}/2 y( 1+y)] if H < E', 
?feere 



o 

1+(l-Y)ar - Yr 
2 

1+(l+Y)ar + Yr 


f 


S, , ( (i-V)(i^y/) )1/2^ 


(l+Y)(l-Yr ) 


r = 


hi < 1» 

0 < a < 1. 


iEhe result is sharp for each y, 0 < y 1 and 0 j< a ^ 1. 


This result is obtained by replacing a by (1 -y)/(1+y) g by 
(1 +y)/ 2 in Theorem 6.3*1. 


Hemark .6.3*1 : 03ie cases (a,S) = (0,1-6) and (cx,B) = (0,(26-l)/25), 

^ > 1/2 in dSieorem 6.3*1 lead to the corresponding results for the 
functions of the classes introduced by Shaffer [76] and Goel [20] 
respectively. 


The Class S*(a;a,3). If f(z) = z +a^z^ + ... is in 5*(a,8), then we 
have shown in Theorem 2.5*1 that ]&^\ £ 26(l-a)* Define 

S*(a;a,B) = {g(z)=z+2a6(l -a)z^+*. * : zg’/g e P(a;a,8), 0 £ a £ l). 

Tepper [ 81 ] found the radius of convexity for functions inS*(a;0,l) = S*** 

*■’*** ' , " ' 3,' 

Recently McCarty [5? ] has obtained the radii of convexity for functions 
in S*(a;a,l) = S*(a;a). Here we detenuine sharp estimates for the 
radii of cocvexily for functions in S*(a;ct, 6). Thus we have the 
following : 

Theory 6 .3«2 t Each g e S*(a;a,B) maps jz| < r' onto a convex region 
vhere r* is the smallest positive root of the equation 
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1+2(3ct’-l)0ar+(4a^6^a^+8a3-2-43)r^-2S(l+«-4a^s)ar^+(l-2a6)^ r'^ = 0 

i£ and r* = [ (3a-1 )/{( 1‘-<t‘f4a^B )+4a»<^Hg-3ag+a^B^)}|^‘^^ if H '< B', 


a 

where 


a 


1: + 2aBar + (2a0-l)r^ a(l + (l-2a8) r^) w„ 

— -at - ( .'iVS 


a = 


1 + 20ar + (26-1 ) r 


, E‘ = (■ 


(2-a) - (26-a) 


) ^ and 


jz I r < 1 » 

Jhe result is sharp for each a, 6 (O <_ a < 1,0 < 6 1 ) and 0 ^ a <_ 1 . 


Proof : Since f e S*(a;a, s)) we have 

^i(^) _ 1 + (2a6-l)a)(z) 
1 + (26-1 ) u(z) 


(6.3.14) 


^ ¥( 2) 


where oi e E. Differentiating (6,3.14) logari'femicaliy , we have 

1+(2a6-1 )w(z) z(u’(z) 

(6.3.15) 26(1 -a){ 

® ^ ^ 1+(2B-l) to(z) (l+(26-l)o)(z))(l+(2a6-l)Q<z)) 


} 


Applying (3.2,2) with k = 1, s = 26-1? t = 2a6-1 to (6.3.15 )» we get 


(6,3.16) Be {1 + 


g-'(2 


^ g’U 


} >- 


2a6~1 


‘ — - [Re {(46-1-2a6)p(z) + ~" ~ rr Y > 
26(l-a) P(2} 

r^ I ( 26-1 )p( z )+t-2a6 1 ^- | 1 -p( z ) | ^ a( 1+« )-T 


(l-r ) |p(z)l 


] + 


6(l-a) 


where p(z) = (l+(2a6-l)to(z))/(l+(26-l)ti)(z)). 


Bow, an application of Lemma 6,3.2 with k = 46-1-2o6, s = 2 6 -1 
and t = 2a6-1 to (6. 3 *16), gives the req^uired results easily. 

The functions given by 
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1-2oiPa2 + ( 2 a$-'l) 2 
= “ 


aM 


g'(z) 

^ guf 


1-2gaz + (20-1) z 

O 

1-2agcz + (2a6-l) z 


r- 


1-26 oz + (26-1) z 


2 K' 


where c is determined by the relation E = H' show that the results 

c 

obtained in the theoraa are shai^. 

Blitting B= 1, in !Eheor'eiii 6.3*2 gives the following result obtained 


by McCarty [52] . 

Corollary 6.3.2a ; Each f e S*(a;a) maps ] z| < r' onto a convex region • 
where r' is the smallest positive root of the equation 

1+(6a-2)ar+(4a^a^-i^a-6 )r^+(8a^-2o-2)ar^+(2o(-1 = 0 

if R_ > R' and r'= [ (Sa-I )/{(4a^-a+l )-f4a a^-3oi+2 ) J] if R. < R* vdaere 

1+2aar + (2a-l) r^ a(l-(2a-l) r^) 

R — - — — , R' = ( — |zl=r <1,0 <a <1, 

^ 1+2ar + r^ (2-a)(l-r^) 

fhe result is sharp for each a, 0 ^ a < 1 and 0 ^ a 1 . 

Corollary 6.3.2b : ^ f(z) = z.+ 2ayz^ + ... such that f e ■S*(y), then f 
maps |z I < r' onto a convex region inhere r' is the smallest positive root 
of the equation 

1+2a(l-2T)r+(a^(l-Y)^-6Y)r^+2a(Y^~2Y)r^ + Y^r^ = 0 

if R > R' and r'= [ {-<1 -Y+Y^)+(i-y)*' (y^+6Y+1 ) >/(3y-Y^) i£ 


where 
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2 

T + '(1-y) ar - Yr 
1 + (i+y) ar + Yr^ 


(1-Y)(l+Yr^) i 
R' = ( r |zl=i* < 

2Y(l-r )+1-Y r 


The 'results are sharp for each y( 0 < Y ^ 1 ) and 0 ^ a <. 1 . 


Ibis result is obtained by replacing a by (i-y)/(i+y) and g by 
(i+y)/ 2 in Iheorem 6 . 3 . 2 . 


Bemaifc 6.3.2 ; (a) Hie cases (a,g) = (0,l/2); ( a, g) = (O, (26-l)/26), 

S ^ l /2 and replacement of a by 1 -a and g by l /2 via Hieorem 6 . 3.2 lead 
to analogous results for the functions of the classes introduced and 
studied by Benigenburg []J ] ^ Ram Sin^ [69 ] , Wri^t [ 33 ] etc. 

(b) (a,g) = ( 0 , 1 ) in Olieorem 6 . 3.2 gives the corresponding result due 

to lepper [81] . 


6.4 Hie radii of starlikeness for functions in j/* (a;r,.,R ). 


In Theorem 3.4.1 f we have obtained the radii of starlikeness for 
functions inl/*(a,g). let l/*(a;a,g ), be the class of functions of the 
foim 


( 6 . 4 . 1 ) bCz) = l/2(zf(z))’ 

where f e S*(a;a,g). Recently, il-imiri [jj has determined the radii 
of starlikeness for the class (/*(a,0, 1 ) Here we obtain exact 

bounds for the radii of starlikeness for functions in l/*(a;a, g). Thus 
we have the following result : 

Tfasorem 6.4.1 ; Each B e t/*(aja.6) maps |z| < r« onto a starlike region 
where r* is the smallest positive root of the equation 
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1+4a3arf(2a(1+a)eV-2-e^-5ae)A2a(1-a+aa6)(2aS-1)ar\a(23-1)(2aS-1) / = 0 

~ i JSi iM4a/{2o3(l+a) +/(43 01^43(4-23)0? +4(2-*46+6^)a^+8a}] 

— where 

1+(l4-a)3ar + (e(i.fa)-i )r^ ^(l+a)(l-(a3+3-l)r2) 

1+23ar + (23~l)r^ 2 [(2-aH23-a)r^]^ 

r = |z| < 1, The result is s harp for eaeh a. 3(0 ^ a < 1,0 < 3<1 ) 

and 0 a 1 • 

’• Since f e 5*(a;a,3), we have 

1 + (2a3-l)to(z) 

1+(23-l)w(z) 

where 0) e B. Differentiating (6,4, 1 ) and using (6.4.2), we obtain 

1+(2a3H)Kz) ^ zw»(z) 

(l-a)3{ j. 

1+(26-l)w(z) (i+{ 23-1 )a)(z))(l+(a3+3-l)£i3(zp 

Applying (5.2.2) with k = 1, s = 23-1, t =ae+g-i to (6.4,3), we get 

(6.4.4) le {z ^ [He {(43-1-206 )p(z) + — — } 

0 (l-«) ■ p(z) 

r^t(23-l)p(z)-(a3+6-i)|2.,ll.p(z)j2 (gg.i) 

] 

(l-r ) jp(z)| g(l_a) 

where p(z) =(l+(t» 3 + 6 -l) to(z))/(l+(^-l) u(z)). 

Again the result follows easily^ by applying 6.3.2 with 

k = 43-1-2a3, s = 23 - 1 , t = o3+3^1 to ( 6 . 4 . 4 ), 
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Hxe functions given Ijy 

o 

^t( •) 1 + 0(l+a)az + (ag-f^-l) z 

" ^ 2 — “ > r 


1-26az + (26-1 )z'‘ 


a 


and 


2 

■pt(„) 1 + 3(l+a)cz + (ae+3-1) z 

z %7^ = 5 if E < R* 

1-26CZ + (26-1) z^ ^ 


where c is determined by the relation R = show that the results 

c 

obtained in the theorem are sharp. 

(«,e)= (0,1) in Hieorem 6.4.1, gives the following result for 
fmictions in I/* obtained by Al-imiid [1] . 

2 3 

Corollary 6.4.1 : If i'(z) l/2(zf(z))’, where f(z) = z + 2az +a^2 +.. 

is in S*, then R is starlike for jzj < where r^ is the smallest 

2 3 

positive root of the equation 1 - 3r - 2ar =0. 

Remaite 6.4.1 : Putting different values of the parameters 

a, 6 (0 < a < 1, 0 < 6 1 ) ia the above theorem, we can easily deilve 

analogous results depending on second coefficient for the 'classes 
of functions of the form (6.4.1 ) where f belongs to the different 
subclasses of starlike functioxis defined in section 1.3. 
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